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4Abstract
Trapped modes within elastic waveguides are investigated employing asymptotic and nu-
merical methods. The problems considered in this thesis concentrate on linear elastic waves
in thickened/thinned and curved waveguides. The localised modes are propagating within
some region that is characterized by a small parameter but are cut-off for geometric reasons
exterior to that region, and thereafter exponentially decay with distance along the waveg-
uide. Given this physical interpretation long wave theories become appropriate. The gen-
eral approach is as follows: an asymptotic scheme is developed to analyse whether trapped
modes should be expected and to obtain the frequencies at which trapped modes are excited.
The asymptotic approach leads to an ordinary differential equation eigenvalue problem that
encapsulates the essential physics. Then, numerical simulations based on spectral methods
are performed for this reduced equation and for the full elasticity equations to validate the
asymptotic scheme and demonstrate its accuracy.
The thesis begins with an investigation of trapping due to thickness variations. The
long-wave model for trapped modes is derived and it is shown that this model is functionally
the same as that for a bent plate. Careful computations of the exact governing equations are
compared with the asymptotic theory to demonstrate that the theories tie together. Different
boundary conditions upon the guide walls and the importance of the sign of the group
velocity are discussed in detail.
Then, it is shown that boundary conditions also play a crucial role in the possible ex-
istence of trapped modes. The possibility of trapped modes is considered in nonuniform
elastic/ ocean/ quantum waveguides where the guide has one wall with Dirichlet (clamped)
boundary conditions and the other Neumann (stress-free) boundary conditions. For bent
waveguides, with such boundary conditions, the sign of the curvature function is shown to
5play an important role in the possibility of trapping.
Trapped modes in 3D elastic plates are considered as a model of waves that are guided
along, and localised to the vicinity of, welds. These waves propagate unattenuated along
the weld and exponentially decay with distance transverse to it. Three-dimensional geome-
tries introduce additional complications but, again, asymptotic analysis is possible. The
long-wave model provides numerical values of the trapped mode frequencies and gives
conditions at which trapping can occur; these depend on the components of the wave num-
ber in different directions and variations of the plate thickness.
To mimic the guide stretching out to infinity a perfectly matched layer (PML) technique
originally developed by Berenger for electromagnetic wave propagation is employed. The
method is illustrated on the example of topographically varying and bent acoustic guides,
and numerically implemented in the spectral scheme to construct dispersion curves for a
two-dimensional circular elastic annulus immersed in infinite fluid. This numerical scheme
is new and more efficient than direct root-finding methods for the exact dispersion relation
involving the Bessel functions.
In the final chapter, the influence of external fluid on trapping within elastic waveguides
is considered. A long-wave scheme for a curved and thickening plates in infinite fluid is
derived, conditions of existence of trapping are analysed and compared with those for plates
in vacuum.
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Chapter 1
Introduction
1.1 Background and motivation
Among many areas of investigation of wave propagation, one of the most important from
the practical and theoretical point of view is the propagation of guided waves. Energy
transmitted along a waveguide decays less rapidly than in unbounded media, and this type
of propagation finds many applications in acoustics, electronics, quantum mechanics and
elasticity. Various structures of natural origin or those built for industrial purpose, steel
pipes and plates, sloping beaches and the Earth’s surface, quantum wires and optical fibres
can support propagating waves that can lead to failure or disaster or that can give valu-
able information and be used in modern technologies. Water waves can cause changes in
an ecosystem, bridges or important parts of vibrating machinery can be destroyed if ex-
posed to resonance oscillations; on the other hand, guiding waves along elastic plates form
a major part of many non- destructive testing and evaluation techniques. Under some cir-
cumstances, propagating waves in waveguide-like structures can undergo a transformation
into a type of localised or trapped waves.
In broad terms, “trapped wave” means any vibration or oscillation that is strongly
localized in space and occurs due to geometry or material variation, presence of obstacles
etc. This is an interesting but often undesirable phenomenon; local vibrations can lead to
failure therefore it is important to be able to predict apriori where and how trapped modes
could occur. Trapping, or its absence, is of interest in applications and the fact that some
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discrete frequencies allow for them suggests that an unwanted build-up of energy could
occur in some regions. One could then avoid exciting the structure at particular frequencies,
or alternatively one could use this trapping to advantage in some non-destructive testing
techniques.
Trapping is a subject of investigation in many areas such as water-wave theory, acous-
tics, the theory of elasticity, quantum mechanics and electromagnetism. The spectrum of
papers on trapping falls broadly into three groups: works on the rigorous proof of existence,
or otherwise, of trapped modes, numerical approaches, and asymptotic methods based on
the introduction of a small, or “slow”, parameter.
The existence of trapped waves was first established in the 19th century in the theory
of water waves. Stokes [105] investigated edge waves which are trapped along a sloping
beach. This work was extended by Ursell [110, 109] who proved that modes can become
trapped around a submerged horizontal cylinder. A series of works providing a rigorous
proof and numerical calculations of trapped water waves (see, inter alia, [34, 72] ), where
the motion is governed by a scalar Laplace’s equation, then emerged. Such types of coastal
trapped waves as edge waves, Kelvin waves and shelf waves have been the subject of sig-
nificant interest over many decades (see the review paper by Mysak [78] and the references
therein).
Experimentally, trapped modes were first observed in 1956 by Shaw [100]. The author
investigated edge resonance in elastic disks and found that at particular frequencies vibra-
tions localise at the edge of a disk. In 1966 Parker [82] investigated a cascade of parallel
plates in a wind tunnel and observed strong acoustic resonances excited by the wakes of
the plates. These resonances are associated with the acoustic effect and geometry of the
system only. In 1967 Parker [83] carried out a numerical investigation of these resonances
using the relaxation method and obtained good agreement with the experiment data.
Massive research efforts have been directed towards a rigorous proof of the existence of
trapped modes in acoustic waveguides containing different types of obstacles. For instance,
Evans [32] gives a proof of the existence of trapped acoustic modes in a 2D waveguide
containing a strip of finite length. Evans, Levitin & Vassiliev [33] proved the existence of
an antisymmetric trapped mode within an acoustic 2D waveguide containing an obstacle of
general shape. This mode is localised around the obstacle and decays with distance from it.
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The proof was also applicable to an acoustic waveguide that has indentations and includes
an obstacle. There are also works discussing sound-soft waveguides, different variations of
geometry and the non-existence of trapping [73, 24, 62].
There is also a considerable body of work published in the last four decades on motion
in quantum waveguides, in particular on curvature-induced trapped modes that in the theory
of quantum waveguides are usually termed as bound states (Duclos & Exner [29] and
the literature cited therein). Quantum motion is governed by the Schro¨dinger equation
which, like a wave equation in acoustics, can be reduced to a scalar Helmholtz equation.
Switkes et al. [106] carried out numerical investigation of the Schro¨dinger equation for a
pseudoelliptical annulus and demonstrated that the eigensolutions have maxima in the areas
of high curvature. Exner & Seba [37, 36] investigated free quantummotion in a curved strip
whose curvature smoothly decays at infinity and proved that there is at least one bound state
below the essential spectrum. Asymptotic results have been obtained for bound states in
mildly curved tubes [29], laterally coupled curved strips [88, 89] and waveguides with
indentations [17], where solutions are a perturbation around those of a straight case.
Thus, guiding structures for scalar waves can exhibit localised modes and much effort
has gone into providing both rigorous existence proofs as well as numerical evidence for
their presence.
In elasticity, the governing equations are no longer scalar, but are now coupled equa-
tions; isotropic linear elasticity can be reduced to a system of coupled Helmholtz equations
and the coupling is through the stress or displacement boundary conditions at an interface.
Unfortunately, given the additional complications that arise here there are correspondingly
fewer results that give guidance as to the possible existence of trapped modes. There are
experimental results for the edge localisation of modes in elastic disks [100], or for guid-
ing along elastic wedges [81]. Existence of trapped modes for the elastic Laplacian was
proved by Roitberg, Vassiliev & Weidl [97] for the case of semi-infinite strip with zero
Poisson’s ratio. Zernov, Pichugin & Kaplunov [115] extended the idea of edge localization
for non-zero Poisson’s ratio and investigated the dependence of eigensolutions on its value.
The authors applied the normal mode expansion technique to obtain complex resonance
frequencies and proved existence of edge localized modes. Similarly, in three dimensions,
surface (Rayleigh) waves atop a half space with a topographic variation can be guided and
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localised along topographic defects. That such trapping could occur was proved by Bonnet-
Ben Dhia, Duterte & Joly [25]. The mathematical theory of such trapping is also related by
[5] to that of trapped modes in plates. The topographic guiding is used in surface acoustic
wave devices and there was considerable interest in this guiding of Rayleigh waves in their
early development: [18, 19, 65]. Burridge & Sabina [18, 19] used finite element method
to calculate surface waves confined by ridges in 3D considering different variations of ge-
ometry and, therefore, giving numerical evidence that ridges of an elastic half-space can
support propagating waves.
In the theory of wave propagation, the half-space and plate problems are different in that
there is no obvious cut-off frequency for the half-space problem. In spite of the substantial
literature on trapping in various structures and the spectrum of methods, almost nothing is
known about the potential trapping of elastic waves within waveguides. There are some
recent exceptions to this: Gridin et al [49] have shown that variable curvature can lead to
trapped elastic modes, in bent guides with stress-free edges, and that an important crite-
rion for this to occur, for physically realizable media, is that the trapped mode has negative
group velocity. The eigensolution of the problem has been obtained by asymptotic series
expansion with respect to the small parameter around the cut-off frequencies of a flat plate,
which reduce the problem to a single ODE of the second order. Subsequently, this problem
was extended to a 3D case of a rod of circular cross-section and analogous results have
been obtained. Interestingly, a similar result occurs for elastic plates and rods (in general-
ized plane stress) with gradual width variations as recently shown by Kaplunov et al [60].
Similar ODEs describing mode localization in the area of maximum/minimum thickness
were obtained. Both sets of authors independently recognised that trapping within waveg-
uides is implicitly connected with the behaviour of modes near cut-off frequencies and the
sign of the local group velocity plays an important role. Among the recent publications
is the work by Porter [91] where he investigates the existence of trapped modes on a thin
elastic plate with a circular cut-out within the framework of Kirchhoff theory. More formal
analysis proving trapping in an elastic strip with local changes of Young’s modulus can be
found in Fo¨rster & Weidl [39] (again for zero Poisson’s ratio).
A problem of practical importance is the guiding of plate waves by topographic defects:
for instance, if two plates are welded together then the welded area is thicker than the
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surrounding flat plate. Recent experiments run by the Non-Destructive Testing Group in
the Mechanical Engineering Department at Imperial College show that this perturbation in
thickness can support topographically guided waves or trapped modes which concentrate
their energy in the area of the weld and decay with distance from it [99]. Motivated by these
experiments numerical studies, [20, 56] have indicated that elastic waves can be trapped in
the neighbourhood of the weld, propagate long distances along it, and remain localised to
the weld. The experiments described by Juluri, Lowe & Cawley [56] include a welded steel
plate with a small defect inside the weld and two transducers located at the weld and at the
distance from it. The authors observed that the signal reflected from the defect was stronger
then the signal reflected from the far end of the plate, which shows the guiding properties of
the weld. A preliminary investigation of the reflected signal from the defect has also been
carried out. Consequently, there is interest in utilising these waves in practice. The ability
of the weld to transmit elastic waves long distances can provide valuable information for
Non-Destructive Testing (NDT). For example, the analysis of reflections can give detailed
information for, say, crack detection and, therefore, the integrity of the weld even if a crack
is located in a place that cannot be reached by traditional inspection methods. This thesis is
concerned with the mathematical study of the possibility of trapping elastic waves by local
thickness variation and develops an asymptotic theory that describes the trapping.
The phenomenon of trapping in a weld can be explained by the geometry of the weld
profile. The localised modes are propagating within some local region, but are cut-off in
the region with slightly different thickness, and thereafter exponentially decay with distance
along the waveguide. This situation is only possible in the vicinity of cut- off frequencies
of a flat plate and, therefore, trapped modes are closely related to the behaviour of modes
near cut-off frequencies. A detailed and illustrative explanation of the existence of trapped
modes is given in Chapter 1. Given this physical interpretation, it is then clear that long-
wave theories become appropriate; one could interpret cut-off as the situation when a wave
simply bounces back and forth across the guide and no-longer propagates along it. The
underlying long-wave theory then generates an ordinary differential equation that encapsu-
lates all of the dominant physics and gives a simple equation for cut-off frequencies. The
group velocity also plays a crucial role as some modes may propagate within a locally thin
region but be cut-off by a marginally thicker region only if they have a negative group ve-
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locity, but this is dependant upon the specific mode and geometry. From the mathematical
point of view, trapped modes are localized, finite energy eigensolutions of the system of in-
terest obeying the required boundary conditions. These eigensolutions correspond to very
precise frequencies called resonance frequencies (or trapped mode frequencies, as we shall
call them) that are different from those of the uniform plate Lamb-Rayleigh waves.
Several practical examples involve guiding waves along a waveguide constructed of a
weak material and bonded to a much more rigid infinite space on one side and effectively a
vacuum on the other, for instance, delay lines and sound suppressing coatings on submarine
structures. Thus, it is interesting to pursue the variant when a waveguide has one boundary
rigid-clamped and the other traction-free and to highlight the changes that occur from the
earlier analyses in both the analysis and results. Chapter 3 of the present thesis is devoted
to this type of problems. As noted in recent work by Krejcˇirˇı´k and Krˇı´zˇ [64], the spectral
problem is considerably richer if one has Dirichlet-Neumann guides with opposing condi-
tions on each guide edge (see also Dittrich and Krˇı´zˇ [26, 27]). As noted in this quantum
waveguide context the possibility of trapping depends on the curvature of the guide relative
to which side has the Neumann (Dirichlet) condition.
Furthermore, trapped continental shelf waves can occur along a curved coastline and
can be formulated using the shallow water equations also as a problem in a waveguide.
For a weakly sloping shelf attached to an impermeable coastline the conditions become
mixed, i.e. Dirichlet on one side and Neumann on the other. Recent work by Johnson
et.al. [55] investigates the existence of trapped continental shelf waves described by the
topographical Rossby-wave equation. These modes were proven to exist provided that the
coast is smoothly curved in the direction of Dirichlet boundary and the depth profile does
not change along the coast.
Thus, there exist at least three disconnected problems over vastly different lengthscales,
i.e. ocean waves, elastic waveguides and quantum waveguides, all of which apparently
share the same trapping features. Notably, existence results have been proved rigorously
only for the ocean and quantum cases, but not for the elastic case and we hope to stimulate
interest in rigorously proving the analogous elastic trapping.
So far we focused on modes that are localised in a particular region and do not loose
energy. These trapped modes correspond to real resonances. In open domains resonant
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frequencies become complex-valued due to energy leakage to the unbounded media and,
therefore, pure trapping is not possible in such systems. In the literature complex reso-
nances in open systems are usually referred to as leaky mode resonances. There exists a
block of literature concerning complex resonances in open domains. Aslanyan, Parnovski
& Vassiliev [6] considered complex resonances in a waveguide containing a smooth obsta-
cle shifted with respect to the centerline and provide an asymptotic formula for the imagi-
nary part of the resonances. Kaplunov & Krynkin [57] presented an asymptotic analysis for
investigation of complex resonances associated with thickness stretch vibrations in an elas-
tic layer embedded in infinite media. The small parameter incorporated into the asymptotic
scheme represents the relative impedance of the layer and two types (“soft” and “hard”) in-
terfaces were considered. Hein, Hohage & Koch [52] numerically calculated complex res-
onances in various types of open resonators of regular geometry. Their numerical method is
based on the perfectly matched layer technique which is described in detail later in Chapter
5. The same method was employed by Duan et al. [28] for calculating complex resonances
for waveguides containing different types of structures. They calculated trapped modes
and so-called near-trapped modes (with vanishingly small imaginary part) and compared
the numerical solution against directly computed resonances for a guide with rectangular
indentations. The final chapter of the thesis concentrates on the investigation of trapping
in non-uniform guides immersed in infinite fluid. In this case localisation of energy still
possible, however, owing to radiation losses, trapping must be continuously fed by, say,
vibrating machinery.
1.2 Behavior near cut-off frequencies
To reach a deeper understanding of the physics behind trapping it is necessary to outline the
main aspects of wave propagation in a straight waveguide. The theory of wave propagation
in uniform guides has been extensively developed. It was initiated by Rayleigh [96] and
Lamb [66] and investigated further by Ewing & Jardetzky [35], Mindlin [77], Miklowitz
[76], Achenbach [2], Harris [50]. It was shown, in particular, that waveguides of uniform
thickness allow a separable solution in terms of modes and the propagating waves in an
elastic layer are dispersive, that is, the phase velocity is a function of the wavenumber.
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Figure 1.1: Examples of a waveguide with curvature variation (left panel) and a waveguide
with variation in thickness (right panel).
x
zh
Figure 1.2: Elastic straight homogeneous layer.
The analysis of time-harmonic motion in an isotropic homogeneous elastic layer (Lamb
waves) is quite straightforward and well known (see, for example, Achenbach [2], p. 202).
For in-plane motion, which is the main case considered in this thesis, the displacement
field depends on the coordinates x, z (Fig. 1.2) and time t only. The layer is confined by
the stress-free boundaries at z = ±h and stretching out to infinity in both directions along
x. The displacement vector u = (u1, u3) is represented by the sum of scalar and vector
potentials φ andΨ:
u = 5φ+5∧Ψ, (1.1)
here Ψ = (0, ψ, 0) in the two-dimensional case, and φ and ψ satisfy uncoupled equations
of motion:
∂2φ
∂x2
+
∂2φ
∂z2
=
1
c2L
∂2φ
∂t2
,
∂2ψ
∂x2
+
∂2ψ
∂z2
=
1
c2T
∂2ψ
∂t2
, (1.2)
where cL and cT denote longitudinal and transverse wavespeeds respectively. Assuming
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that waves propagate in x-direction, the potentials φ and ψ take the following form:
φ = Φ(z) exp[i(kx− ωt)], ψ = Ψ(z) exp[i(kx− ωt)], (1.3)
where k is the wavenumber and ω is the angular frequency. This expression represents a
standing wave in z-direction and a travelling (progressive) wave in x-direction. The same
form is assumed for the displacement components u1, u3 and the components of the stress
tensor τ31, τ33. They are written as:
u1 = ikΦ− dΨ
dz
, u3 =
dΦ
dz
+ ikΨ, (1.4)
τ31 = μ
(
2ik
dΦ
dz
− d
2Ψ
dz2
− k2Ψ
)
, (1.5)
τ33 = λ
(
−k2Φ + d
2Φ
dz2
)
+ 2μ
(
d2Φ
dz2
+ ik
dΨ
dz
)
. (1.6)
Substitution of (1.3) into the governing equations yields the solution
Φ(z) = A1 sin(pz) + A2 cos(pz), Ψ(z) = B1 sin(qz) + B2 cos(qz), (1.7)
with p =
√
ω2
c2L
− k2, q =
√
ω2
c2T
− k2. (1.8)
Without loss of generality symmetric and antisymmetric parts of this solution can be con-
sidered separately, which considerably simplifies the analysis. Now, boundary conditions
τ13 = τ33 = 0 on z = ±h give the frequency, or dispersion, relations:
tan
√
ωˉ2 − kˉ2
tan
√
γ2ωˉ2 − kˉ2
+
4kˉ2
√
γ2ωˉ2 − kˉ2
√
ωˉ2 − kˉ2
(ωˉ2 − 2kˉ2)2 = 0, (1.9)
tan
√
ωˉ2 − kˉ2
tan
√
γ2ωˉ2 − kˉ2
+
(ωˉ2 − 2kˉ2)2
4kˉ2
√
γ2ωˉ2 − kˉ2
√
ωˉ2 − kˉ2
= 0, (1.10)
for symmetric and antisymmetric modes respectively. Here, γ = cT/cL, ωˉ = ωh/cT is
the dimensionless frequency and kˉ = kh is the dimensionless wavenumber. These equa-
tions were derived by Rayleigh and Lamb at the end of 19th century and are known as the
Rayleigh-Lamb frequency equations that relate a frequency to a wavenumber as shown in
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Figure 1.3: The Rayleigh-Lamb dispersion curves for symmetric (longitudinal) and anti-
symmetric (flexural) modes for steel (γ = 0.547); kT = ω/cT .
Fig. 1.3.
There are several features that are important in the further asymptotic analysis and play
a crucial role in the existence of trapping. The frequency in these equations is taken real-
valued, although the dimensionless wavenumber can be real and complex-valued. From the
physical point of view real wavenumbers correspond to propagating waves and wavenum-
bers with positive imaginary part correspond to standing waves with exponentially decay-
ing amplitude along x. As can be seen from Fig.1.3, all branches of Eqs. (1.9),(1.10) in-
tersect the frequency axis at some particular non-zero numbers that can be easily obtained
from the frequency equations. At these values of frequencies the wavenumber changes
from real to imaginary and these numbers are called the cut-off frequencies. There are two
types of cut-off frequencies:
ωˉLn =
nπ
2γ
, ωˉTn =
nπ
2
, n = 1, 2 . . . (1.11)
and they are referred to as thickness stretch and thickness shear resonance frequencies,
respectively.
The thickness of the plate h plays an important role; unlike a half-space, a waveguide
bounded by two boundaries introduces a characteristic length. As we approach the cut-off
frequencies from above, the dimensionless wavenumber becomes small or, in other words,
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the wavelength becomes large and these waves are called “long” with respect to h.
The propagation of waves in a waveguide is accompanied by the transmission of energy.
The velocity at which energy is transported is calculated as
cg =
dω
dk
(1.12)
and is called the “group velocity”. For dispersive waves the group velocity is different
from the phase velocity, i.e., the energy and the wave crests move at different speeds. At
the cut-off frequencies cg = 0. From Fig.1.3 it can be seen that the first three modes have
positive slope, therefore, cg > 0. However, for the fourth mode in the long-wave regime the
group velocity becomes negative - the situation is rather difficult to understand intuitively
because such waves transport the energy in one direction but the wave crests propagate in
the other direction (see [74]). As a reader will see later, the group velocity is incorporated
into the developed asymptotic model and the sign of the group velocity will show whether
trapping exists for any given geometry.
As mentioned earlier, many waveguides which have practical applications in modern in-
dustry are not uniform, the research in the present thesis is aimed at those types of guides.
These guides may have longitudinal variation in geometry (distorted or curved guides;
guides with a topographically varying boundary) or varying material parameters. In prac-
tical terms there are instances in elasticity, for example, in welds, where local thickness
variations occur or in elastic shell structures or plates where there are localised curvature
maxima/minima, cf Fig. 1.1. These structures do not allow for separation of variables,
and modal solutions, and therefore do not have explicit analytical solutions and require
different techniques such as numerical or asymptotic methods. In many problems involv-
ing non-uniform geometry, elasticity, anisotropy or layered domains, numerical algorithms,
such as finite elements, can become rather time-consuming, therefore, asymptotic methods
represent an effective alternative approach to this type of problem. In a slowly varying, in
the longitudinal direction, waveguide, if the frequency is high and the wavelength is short
then the local wavefield coincides with the local wavefield of the corresponding uniform
guide. This motivates the use of ray and WKBJ (named after Wentzel, Kramers, Brioullin,
Jeffreys) methods. On the other hand, if the dimensionless wavenumber kˉ is small (in other
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words, the wavelength λÀ h) and we are very close to cut-off frequencies, the asymptotic
solution might be developed by perturbing the existing solution around the cut-off state
and long wave theory becomes appropriate. This thesis focusses on this latter situation.
The examining of long waves in a flat plate can give valuable information for developing
solutions for waveguides representing a small perturbation of a straight case. The problems
with geometry described in the second and third chapters cannot be solved analytically.
However, we can introduce a small perturbation parameter  that governs the “weak”, or
“slow”, variation of curvature/thickness etc. in the longitudinal direction. Then, the limit
case of  = 0 corresponds to a flat plate and the (unperturbed) solution u0(x, z) to this prob-
lem is easily obtained. This means that for small values of  one can look for a solution in
the form of a series:
u(x, z, ) = u0(x, z) + u1(x, z) + 
2u2(x, z) +O(
3), (1.13)
which motivates the idea of the long wave approximations. An introduction to, and de-
scription of, various perturbation methods can be found in [53, 7] and in the references
cited therein.
Perturbation methods have been widely used for smoothly varying quantumwaveguides
[29, 88, 89, 17]. Garth [44] employed perturbation theory for investigation of a scalar wave-
field in a bent optical fibre. The solutions were obtained only for propagation waves and
nothing was mentioned about the possibility of wave localization within a bend. Gridin,
Adamou & Craster [45] developed a highly accurate asymptotic scheme to calculate eigen-
values in quantum rings of pseudo-elliptic shape and to study curvature-induced electronic
eigenstates. Works in acoustics and elasticity by the same authors [4, 49, 46] present details
of a long-wave scheme and give a physical explanation of wave localisations within bent
plates and tubes of circular cross-section. The long-wave approximations has also been
extensively investigated by Kaplunov, Kossovich & Nolde [59] and we adopt this approach
here.
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1.3 Structure of the thesis
The thesis is organised as follows:
In Chapter 2 trapping due to thickness variations for a 2D elastic waveguide is investigated.
An asymptotic theory is constructed that distills the essential physics into an ordinary dif-
ferential equation (ODE) whose solutions are then easier to analyse. Numerical solutions
of the full equations then demonstrate the accuracy of these asymptotic theories. It is shown
that the two problems, curvature variation and thickness variation, can be mapped into each
other. Hence, the leading order effect of a perturbation, whether it is of curvature or thick-
ness, is the same. Different boundary conditions upon the guide walls are considered, and
the importance of the sign of the group velocity is discussed. Careful computations of the
exact governing equations are compared with the asymptotic theory to demonstrate that the
theories tie together.
The aim of Chapter 3 is to show that boundary conditions also play a crucial role in
the possible existence of trapped modes. If one has rigid-clamped conditions on one side
and stress-free ones on the other then the curvature of the guide could also play a role. The
chapter begins by treating the simpler acoustic/quantum waveguide (couched in terms of
acoustics) using asymptotic methods and then turns to the elastic case. The main focus is
on trapping in a bent plate; as shown in Chapter 2, one can simultaneously treat guides
that locally thicken and for these only the final results are given. Finally it is shown that
the ocean waveguide problem can be treated in an identical manner and complementary
numerical solutions are provided.
Chapter 4 considers the mathematical possibility of trapping of elastic plate waves
(Rayleigh-Lamb modes) by local thickness variations in 3D and develops an asymptotic
theory that describes the trapping. The welded elastic plate considered in this chapter is an
extension of the two dimensional plate trapping to three dimensions, and this introduces
additional complications. Once again one finds that an asymptotic theory is possible. An-
ticipating that the asymptotic structure will be similar to the 2D trapping within plates we
perturb about the Rayleigh-Lamb modes of a flat plate; the analysis is somewhat heavier
than in 2D, however, ultimately a relatively simple ODE emerges. Numerical solutions
from the ODE are compared to those from simulations of the full elasticity equations and
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the possibility, or otherwise, of trapping is also discussed.
Chapter 5 is devoted to a highly effective numerical technique called perfectly matched
layer (PML). This technique is used to mimic infinity in unbounded problems where it is
neccesary to avoid undesired wave reflection by the necessarily finite computational do-
main. First, a review of the existing literature is given and the basic principles of the
PML technique are described. In the first section the implementation of the PML method
is illustrated for non-uniform acoustic waveguides stretching out to infinity. The numer-
ical method which is based on a finite-difference scheme is described in detail and good
agreement between the numerical result and the asymptotic results obtained in the previous
chapters is shown. Then, a technique for plotting dispersion curves for a circular annulus
immersed in an infinite fluid is developed and PML is employed for modelling an infinite
fluid region. This technique is new and is more versatile and faster then a root finding
method. The numerical scheme is discussed in detail and numerical results are presented.
The numerical solution is compared with the roots of the analytic dispersion relation to
verify the accuracy of the method.
The investigation in Chapter 6 is intended to determine how the presence of fluid can
influence trapping. Again, two types of waveguides are considered: a bent plate and a
plate with variation in thickness. Now, the waveguides are immersed in infinite inviscid
compressible fluid and traction-free or rigid-clamped boundary conditions are replaced by
conditions at the solid/fluid interface. This problem is also amenable to asymptotic anal-
ysis, as described in the previous chapters, and the asymptotic scheme for the case of a
topographically varying plate is considered in detail. For the bent plate the ultimate result
is given. At the end some typical numerical results are presented for steel plates in water.
A connection between the asymptotic result and propagating modes in a flat plate and in a
circular annulus is shown.
Finally, the main results are summarised in Chapter 7 and possible future investigations
are outlined.
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Chapter 2
Trapped modes in topographically
varying elastic plates
2.1 Formulation of the problem
We consider a two-dimensional waveguide of infinite extent in the x-direction and assume
that the material of the waveguide is isotropic, homogeneous and linear-elastic. Examples
of the geometry in Cartesian coordinates are shown in Fig. 2.1. The shape of the boundaries
will be characterized by the function:
h(x) = ±
(
1 +
α2
2
g(x)
)
, (2.1)
so the waveguide is symmetric with respect to the centerline z = 0. The function g(x)
must satisfy the following conditions (i) g(x) decays at infinity, thus the width of the
Figure 2.1: The geometry of the waveguide: a) α > 0, b) α < 0.
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waveguide tends to 2 as |x| → ∞; (ii) there is a small perturbation in the thickness in the
vicinity of x = x0 (here x0 = 0). Without loss of generality we shall take g ≥ 0. g(x),
for example, can be taken as a Gaussian function. We take the slow parameter  ¿ 1
and introduce a parameter α, which characterizes the height of the weld cap relative to the
thickness of the flat part. Depending upon the sign of α the waveguide has a thick section
(Fig. 2.1 a) or a thin section (Fig. 2.1 b). The shape of the boundary for different values
of α is shown in Fig. 2.2. We assume that waves propagate in the x-direction and have
localized energy in the area of maximal/minimal thickness. We assume that the plate is
in the state of plain strain where all variables are independent of y and the displacement
in y-direction vanishes. Using the Helmholtz theorem the displacement vector u can be
represented as a decomposition of scalar and vector potentials:
u = ∇φ+∇∧Ψ, (2.2)
where the vector potential Ψ in the two-dimensional case takes the form (0, ψ, 0) and the
displacement vector has components (u, 0, w). The scalar potentials satisfy two uncoupled
equations of motion
Δφ =
1
c2L
φ¨, Δψ =
1
c2T
ψ¨, (2.3)
where
c2L =
λ+ 2μ
ρ
, and c2T =
μ
ρ
(2.4)
are the longitudinal and transverse wavespeeds respectively, λ and μ are Lame´’s elastic
constants andΔ = ∂xx + ∂zz is the Laplace operator. We will study time-harmonic motion
and henceforth omit the term e−iωt where ω is the angular frequency. The relation between
the components of the displacement vector and the two potentials are represented by
u =
∂φ
∂x
− ∂ψ
∂z
, w =
∂φ
∂z
+
∂ψ
∂x
. (2.5)
The components of the stress tensor are written in terms of the displacement potentials as
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Figure 2.2: Height of the weld cup versus the parameter α.
τ11 = λΔφ+ 2μ
(
∂2φ
∂x2
− ∂
2ψ
∂x∂z
)
, (2.6)
τ13 = τ31 = μ
(
2
∂2φ
∂x∂z
− ∂
2ψ
∂z2
+
∂2ψ
∂x2
)
, (2.7)
τ22 = λΔφ, (2.8)
τ33 = λΔφ+ 2μ
(
∂2φ
∂z2
+
∂2ψ
∂x∂z
)
. (2.9)
We assume two types of homogeneous boundary conditions on both boundaries of the
waveguide. For rigid-clamped boundaries we have displacement boundary conditions
− hxu+ w = 0, u+ hxw = 0, at z = ±h, (2.10)
or we can take traction-free boundary conditions
− hxτ11 + τ13 = 0, −hxτ31 + τ33 = 0, at z = ±h. (2.11)
In the main text we shall simply consider the traction-free case with the rigid-clamped ones
dealt with in Appendix 2.8.
Let us introduce new variables
ξ = x, η =
z
h(ξ)
. (2.12)
This mapping conveniently transforms our domain into an infinite flat layer thereby consid-
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erably simplifying the boundary conditions (and boundary position to −1 ≤ η ≤ 1) whilst,
on the other hand, making the governing equations more complicated. In terms of ξ and η
the Laplace operator takes the following form:
Δ = 2∂ξξ +
1
h2
∂ηη−22ηhξ
h
∂ξη+ (2.13)
2
{
η2
(
hξ
h
)2
∂ηη + η
[
2
(
hξ
h
)2
− hξξ
h
]
∂η
}
and Eq. (2.3) are rewritten as
Δˉφ+ (γΛh)2φ = 0, Δˉψ + (Λh)2ψ = 0. (2.14)
The components of the stress tensor and the displacement vector take the following form
τ11h
2
μ
= γ−2Δˉφ− 2φηη − 2Lψ, (2.15)
τ13h
2
μ
= Δˉψ − 2ψηη + 2Lφ, (2.16)
τ33h
2
μ
= (γ−2 − 2)Δˉφ+ 2φηη + 2Lψ, (2.17)
u = 
(
φξ − ηhξ
h
φη
)
− 1
h
ψη, w =
1
h
φη + 
(
ψξ − ηhξ
h
ψη
)
. (2.18)
In (2.14)-(2.17) we use the following notation to shorten formulae
Δˉ = h2Δ, Λ =
ω
cT
, (2.19)
γ =
cT
cL
=
√
μ
λ+ 2μ
=
√
1− 2ν
2(1− ν) , (2.20)
L = h∂ξη − hξ∂η − ηhξ∂ηη, (2.21)
where ν is Poisson’s ratio. In terms of the new coordinates, (ξ, η), the boundary condi-
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tions (2.10) and (2.11) are rewritten as
−hξ(γ−2Δˉφ− 2φηη − 2Lψ) + Δˉψ − 2ψηη + 2Lφ = 0,
−hξ(Δˉψ − 2ψηη + 2Lφ) + (γ−2 − 2)Δˉφ+ 2φηη + 2Lψ = 0 (2.22)
for traction-free boundaries and
−hξ [ (φξh− ηhξφη)− ψη] + φη +  (ψξh− ηhξψη) = 0,
 (φξh− ηhξφη)− ψη + hξ [φη +  (ψξh− ηhξψη)] = 0 (2.23)
for rigid boundaries.
Thus, the frequencies of the trapped modes are defined by the eigenvalues Λ of the
differential eigenvalue problem (2.14), (2.22) or (2.23) as ω = Λ cT . Our aim is to find
these eigenvalues and their corresponding eigensolutions which satisfy conditions that
φ(ξ, η), ψ(ξ, η)→ 0 as ξ → ±∞. (2.24)
2.2 Asymptotic method
When we introduced the geometry of the waveguide we assumed that there was a small pa-
rameter ¿ 1 characterizing the boundary function as a smooth function of the coordinate
x. By introducing this small parameter into the amplitude of the thickness variation we
are also assuming that the ratio of the weld height and the thickness of the waveguide is of
order 2; thus this is a distinguished limit that serves to illustrate the mechanism of trapping
and will lead us to a connection between curvature and topographic perturbations. From
the physical point of view, trapped modes are localized in the area of perturbation but are
cut-off in a flat section which makes long wave theory the perfect vehicle for investigating
trapping.
2.2 Asymptotic method 34
2.2.1 Compressional wavefield
We consider traction-free boundary conditions in detail. To obtain the approximate solution
for (2.14) we assume the following asymptotic expansions:
φ(ξ, η) = φ0(ξ, η) + φ1(ξ, η) + 
2φ2(ξ, η) + . . . , (2.25)
ψ(ξ, η) = ψ1(ξ, η) + 
2ψ2(ξ, η) + . . . , (2.26)
Λ2 = Λ20 + Λ
2
1 + 
2Λ22 + . . . , (2.27)
where Λ0 is a cut-off frequency of a straight plate. Substituting these representations
in (2.14) and equating coefficients of individual powers of , we obtain a hierarchy of
ordinary differential equations for φ and ψ which can be solved by usual methods. To ob-
tain the asymptotic solution that determines the leading order function we will only need
the first three terms of the expansions and so will retain terms up to O(2). Note that hξ
and hξξ are of order 2, also the term involving ψ0(ξ, η) is absent as the potential ψ is as-
sociated with shear waves and thus, to leading order, in the compressional case it gives no
contribution.
The first equation of the hierarchy is
φ0ηη + γ
2Λ20φ0 = 0, (2.28)
with boundary conditions
(1− 2γ2)Λ20φ0 − 2φ0ηη = 0, η = ±1, (2.29)
which, taking into account (2.28), can be rewritten as
φ0 = 0, η = ±1. (2.30)
The problem (2.28), (2.30) has two families of solution: symmetric and antisymmetric for
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φ with respect to the centerline η = 0. The symmetric solution is
φs0(ξ, η) = f
s
0 (ξ) cos(γΛ
s
0η), Λ
s
0 =
π(2n− 1)
2γ
, n = 1, 2, . . . , (2.31)
and the antisymmetric solution is
φa0(ξ, η) = f
a
0 (ξ) sin(γΛ
a
0η), Λ
a
0 =
πn
γ
, n = 1, 2, . . . , (2.32)
where f s0 (ξ) and fa0 (ξ) are to be determined; they are distinguished by the superscripts s
and a respectively. These solutions correspond to those in a straight elastic waveguide at
precisely the cut-off frequencies (these are sometimes described to be at transverse reso-
nance); the asymptotic scheme is a perturbation about this state.
The order  equation for φ is
φ1ηη + γ
2Λ20φ1 = −γ2Λ21φ0, (2.33)
and is subject to the boundary conditions:
(1− 2γ2)[Λ20φ1 + Λ21φ0]− 2φ1ηη = 0, η = ±1, (2.34)
which using (2.33) is equivalent to
φ1 = 0, η = ±1. (2.35)
Let us firstly consider the symmetric case:
φ1ηη +
(
π(2n− 1)
2
)2
φ1 = −γ2Λ21f s0 cos
(
π(2n− 1)
2
η
)
. (2.36)
The general solution to (2.36) is
φs1(ξ, η) = f
s
1 (ξ) cos
(
π(2n− 1)
2
η
)
− γ
2Λ21f
s
0 (ξ)
π(2n− 1) η sin
(
π(2n− 1)
2
η
)
. (2.37)
Substitution of this equation into the boundary condition leads to Λ1 = 0 and the solution
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to the equation (2.36) is just
φs1(ξ, η) = f
s
1 (ξ) cos
(
π(2n− 1)
2
η
)
, (2.38)
where f s1 (ξ) is unknown. Virtually the same analysis holds for the antisymmetric case and
gives
φa1(ξ, η) = f
a
1 (ξ) sin (πnη) . (2.39)
The order  equation for ψ1 is
ψ1ηη + Λ
2
0ψ1 = 0, (2.40)
with boundary conditions:
2ψ1ηη + Λ
2
0ψ1 = 2φ0ξη, η = ±1. (2.41)
This equation has solution:
ψs1(ξ, η) = −
4γ2f s0ξ(−1)n
π(2n− 1) sin π(2n−1)
2γ
sin
(
π(2n− 1)
2γ
η
)
, (2.42)
in the symmetric case and
ψa1(ξ, η) = −
2γ2fa0ξ(−1)n
πn cos πn
γ
cos
(
πn
γ
η
)
, (2.43)
in the antisymmetric case, n = 1, 2, . . ..
The main result follows from the equations of order 2, the relevant one for the com-
pressional case, is
φ2ηη + γ
2Λ20φ2 = −φ0ξξ − γ2Λ22φ0 − γ2Λ20αgφ0, (2.44)
with boundary conditions
− (1− 2γ2)[Λ20φ2 + Λ22φ0 + Λ20αgφ0] + 2φ2ηη + 2ψ1ξη = 0, η = ±1. (2.45)
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Substitution of the general solution of (2.44) into boundary conditions (2.45) gives the
following ODE for f s0 and fa0 for symmetric and antisymmetric cases respectively
C(L,s)n f
s
0ξξ −
(
π(2n− 1)
2γ
)2
αgf s0 = Λ
2
2f
s
0 , (2.46)
C(L,a)n f
a
0ξξ −
(
πn
γ
)2
αgfa0 = Λ
2
2f
a
0 , (2.47)
where
C(L,s)n = −
16γ
π(2n− 1) cot
π(2n− 1)
2γ
− 1
γ2
, (2.48)
C(L,a)n =
8γ
πn
tan
πn
γ
− 1
γ2
. (2.49)
The superscripts L (and later T ) on the C’s denote that they originate from the longitudi-
nal (compressional) and shear (transverse) dominated cases respectively. Equations (2.46)
and (2.47) are differential-eigenvalue problems for the f s0 , fa0 and Λ22 and have, in general,
to be solved numerically. The eigensolutions f s0 and fa0 will determine the behavior of
the displacement function, and the corresponding eigenvalues Λ22 will give a correction to
Λ2. It is remarkable in many ways that such a complex physical problem, the trapping of
Rayleigh-Lamb modes within a waveguide of almost arbitrary thickness variation, has been
distilled into just a single ordinary differential equation. Moreover the ordinary differential
equation is a standard Sturm-Liouville/ Schro¨dinger equation and thus one can call upon
results and theories for this class of equations.
2.2.2 Shear wavefield
To obtain the asymptotic solution in a case of predominantly shear wavefield we will as-
sume the following asymptotic expansions
φ(ξ, η) = φ1(ξ, η) + 
2φ2(ξ, η) + . . . , (2.50)
ψ(ξ, η) = ψ0(ξ, η) + ψ1(ξ, η) + 
2ψ2(ξ, η) + . . . , (2.51)
Λ2 = Λ20 + Λ
2
1 + 
2Λ22 + . . . , (2.52)
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where now, conversely from the compressional case of the last section, φ0(ξ, η) is zero as
the leading order shear field dictates.
The analysis is very similar to the longitudinal case and we give only the ultimate result
for the symmetric case:
C(T,s)n f
s
0ξξ − (πn)2αgf s0 = Λ22f 20 , (2.53)
with
Λ2 = (πn)2 + 2Λ22 + . . . ,
φ(ξ, η) = O() and ψ(ξ, η) = f s0 (ξ) sin(πnη) +O(),
and the antisymmetric case:
C(T,a)n f
a
0ξξ −
(
π(2n− 1)
2
)2
αgfa0 = Λ
2
2f
a
0 , (2.54)
with
Λ2 =
(
π(2n− 1)
2
)2
+ 2Λ22 + . . . ,
φ(ξ, η) = O() and ψ(ξ, η) = fa0 (ξ) cos
(
π(2n− 1)
2
η
)
+O(),
where we use notation:
C(T,s)n =
8γ
πn
tan(πnγ)− 1, (2.55)
C(T,a)n = −
16γ
π(2n− 1) cot
γπ(2n− 1)
2
− 1. (2.56)
2.3 Existence of trapped modes
We now analyze the equations (2.46),(2.47),(2.53),(2.54) to extract conditions for the exis-
tence of trapped modes. The analysis is close to that of Gridin at al. (2005a) for trapped
modes in a curved elastic plate and in a bent elastic rod. However, there is now an in-
teresting additional possibility, not present for the curved bars and plates, whereby modes
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Figure 2.3: Dependence of the coefficients C(L,s)n , C(L,a)n , C(T,s)n and C(T,a)n on Poisson’s
ratio for n = 1. The vertical dotted line is at the value of Poisson ratio corresponding to
γ = 0.547.
with positive group velocity can, for physically realizable materials, be trapped by a single
geometric defect.
Existence of trapped modes means that exponentially decaying solutions to equations
of the general form
Cf0ξξ −Q2αgf0 = Λ22f0 (2.57)
exist (Q is a constant). Note that the second term in the LHS can be positive as well as
negative depending on the sign of α (α > 0 locally thickened, α < 0 locally thinned). C is
a constant which in our case depends on the number of a mode n and Poisson’s ratio ν and
also can be positive or negative. In Fig. 2.3 the coefficients C(L,s)n , C(L,a)n , C(T,s)n and C(T,a)n
are shown against Poisson’s ratio for n = 1.
Let us consider first the case α > 0. If C > 0 the differential operator in the LHS
has only negative eigenvalues. This follows from Sturm-Liouville theory and the theory of
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Table 2.1: Conditions for existence of trapped modes
C
(L,s)
n α Λ22 possibility of trapping
+ + − no
− + − yes
+ − + yes
− − + no
operators, see for instance [42, 90]. Additionally the second term of the equation vanishes
at infinity which gives us only oscillatory solutions. Thus, we cannot expect trapping for
positive C and α. For C < 0 there is a possibility that the operator in the LHS has negative
eigenvalues (again this follows from Sturm-Liouville theory). Negative eigenvalues give
exponentially decaying solutions which means a possibility of trapping and the frequency
of trapped modes in a thickened guide lies below the cut-off frequency.
The discussion of the case of negative α (the case corresponding to the waveguide with
a thin section) is similar, but leads to a possibility of trapped modes forC > 0 and α < 0. In
this case the frequency of trapped modes is greater than the cut-off frequency. The analysis
above is summarized in Table 2.1.
There is also an important connection between the coefficients in front of the second
derivative in the ODEs and the group velocity (see [49])
∂Ω
∂k
= −C
(L,a)
n
ω
(L,a)
n
k, (2.58)
whereΩ = ω−ω(L,a)n , ω - the dimensionless frequency, ω(L,a)n - the cut-off frequency, k - the
dimensionless wavenumber. In Fig. 2.4 we plot the third, fourth and fifth dispersion curves
for flat elastic waveguides of different thickness. The curves corresponding to a greater
thickness are shifted to the right. At the cut-off frequency ω(L,s)1 = 2.671 the group
velocity for this mode is negative (for small k) and C(L,s) for this value is positive. In the
frequency interval between corresponding solid and dotted lines modes can propagate in
the thinner waveguide but are cut-off for the thicker one. Thus, this mode can propagate
in the thin part of the waveguide, that has a local decrease in the thickness (α < 0), but is
cut-off as it enters the thickened region; from this figure we note that we expect positive
values of Λ22 for one to be in this frequency interval. At the cut off frequency of the next
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Figure 2.4: The dispersion curves corresponding to different thickness (h) of the flat waveg-
uide for γ = 0.547 (solid line - h = 1, dash line - h = 1+0.52α, dot line - h = 1−0.52α,
where α = π,  = 0.1).
mode, ω(T,s)1 = π, the group velocity is now positive and C(T,s) is negative. In the interval
between the solid line (h = 1) and dashed line (h = 1 + 0.52α) the mode exists in the
thick part of the waveguide but does not propagate in the thin part. From this argument we
note that for α > 0 we expect negative values of Λ22.
The physical mechanism now allows one to trap either positive or negative group ve-
locity modes for specific frequency windows; the curvature trapping of [49] corresponds,
as we shall see later, to α < 0 (a thinned guide).
The case α = 0, a flat guide, deserves comment: here the ODEs (2.46), (2.47), (2.53)
and (2.54) give the asymptotic dispersion relation valid for k ¿ 1 for the Rayleigh-Lamb
modes their accuracy is demonstrated in the inset to Fig. 2.4 (the asymptotics are the dot-
dash line in Fig. 2.4). This application of long-wave theory, that is the construction of
asymptotic dispersion relations near the cut-off frequencies, is summarised in [59].
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2.4 Numerical method
To provide verification of the asymptotic scheme, and to assess its accuracy, we numeri-
cally solve the full eigenvalue problem (2.14), (2.22) for the partial differential equations
and then compare the results to those from solving the ordinary differential equations that
originate from long wave theory.
A spectral scheme is used to solve the partial differential equations and to extract the
eigenvalues; the method is based on the concept of the differentiation matrix and poly-
nomial interpolation. Readers can find information on the solution of partial differential
equations in this manner in, for instance, [43, 108, 14]. The boundary conditions for elas-
ticity are incorporated as described in [3] and various different types of interpolants for
computing derivatives in MATLAB can be found in [113].
The numerical results will be presented for the Gaussian shape function g(x) = e−(x)2
which characterizes the shape of the boundary. Thus, the waveguide has a thickness per-
turbation near ξ = 0 and flattens out at infinity. Using symmetry we need only consider
the half guide ξ ≥ 0; in the coordinates (ξ, η) we have a semi-infinite rectangular domain
and the natural choice is the Chebyshev interpolation in η with N points and Laguerre in-
terpolation in ξ with M points. The Laguerre polynomials exponentially decay and thus
the scheme is designed to pick out precisely those solutions that decay at infinity, i.e. are
trapped. Typical values ofM and N to get the eigenvalue for, say, the fourth mode with at
least 7-digit accuracy requiresM = 80 and N = 16 and ultimately requires that one finds
the eigenvalues of a 2560× 2560 matrix; this is time consuming.
We take traction-free boundary conditions at η = ±1 and the following boundary con-
ditions at ξ = 0:
a) φ(0, η) = 0, ψξ(0, η) = 0;
b) φξ(0, η) = 0, ψ(0, η) = 0.
The ODEs that emerge from long wave theory are much easier to solve numerically
than the full partial differential equation system; the ODEs only depend upon one space
variable and a Laguerre scheme rapidly solves them, in a fraction of the time required for
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Figure 2.5: The eigenvalues corresponding to the antisymmetric eigenmodes (n = 1) ver-
sus  (α = π, γ = 0.547) for the compressional wavefield.
Table 2.2: A comparison of eigenvalues generated by the spectral method and the long
wave theory (ω(L,a)1 = 5.743314, ω
(L,s)
2 = 8.614971).
l m spectral method long wave theory relative error
2 1 5.669490 5.665785 0.7× 10−3
2 2 5.697046 5.690716 1.1× 10−3
2 3 5.719452 5.711775 1.3× 10−3
2 4 5.735739 5.728480 1.3× 10−3
3 1 8.497034 8.492127 0.6× 10−3
3 2 8.526154 8.518047 0.9× 10−3
3 3 8.551999 8.541547 1.2× 10−3
3 4 8.574425 8.562486 1.4× 10−3
3 5 8.592900 8.580663 1.4× 10−3
3 6 8.606846 8.595777 1.3× 10−3
3 7 8.614522 8.607325 0.8× 10−3
the full PDE system, and extracts the eigenvalue. For the calculations presented here we
set α = π and take material parameters γ = cT/cL = 0.547 which correspond to those of
steel.
Let us consider the compressional wavefield, n = 1, then both the solutions from the
long wave ODEs and from the direct numerical method generate four eigenvalues for the
antisymmetric modes as shown in Fig. 2.5 (we are interested only in exponentially de-
caying solutions and assume a symmetry about the centerline η = 0). Table 2.2 presents
these eigenvalues for  = 0.1 and symmetric eigenvalues for n = 2. Numbers m and l
are the numbers of half-oscillations in ξ and η directions respectively, so each mode can
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Figure 2.6: The vertical displacementw as a function of x generated by the spectral method
(solid line) and the long-wave theory (dashed line) for the first four eigenvalues.
be identified by two numbers (l,m). The relative error shows that the asymptotic method
performs very well, indeed the error should be of O(3) which as  = 0.1 is O(10−3) which
is precisely what emerges from the numerics in Table 2.2.
In Fig. 2.6 the displacement component w is shown as a function of variable x for the
first four antisymmetric eigenvalues at η = 0.8. Displacements generated by the spectral
scheme and by the long-wave theory agree very well. Fig. 2.7 presents the displacement
component w for the eigenmodes (2, 2) and (3, 1) in xz-plane.
2.5 Plate with two welds
The method is, of course, not limited to a single perturbation. It easily covers multiple
perturbations, to illustrate this and to show how both positive and negative group velocity
modes can be trapped by the same waveguide we look at a double perturbation.
For definiteness we investigate the existence of trapped modes in the waveguide whose
boundary is described by the following function:
g(x) = e−[(x−x0)]
2
+ e−[(x+x0)]
2
. (2.59)
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Figure 2.7: Eigenmodes (2,2) and (3,1) in xz-plane. The red/blue colour corresponds to
the maximum/minimum value of w.
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Taking the positive sign of α then this waveguide has two humps at the vicinity of
the points x = ±x0 and energy trapping can occur localised in the two humps as well
as in-between them (see Fig. 2.8). According to the conditions at which trapped modes
occur energy is localised within the humps for positive group velocity (i.e. C(...)n < 0)
and between them if the group velocity is negative (i.e. C(...)n > 0). An illustrative com-
putation from the long wave theory is shown in the lower two panels. Figure 2.8b shows
the trapping in the locality of the humps for the resonance frequency Λ = 5.669362. The
solution to the equation (2.47) for n = 1 gives 4 double eigenvalues (each pair of eigen-
values has the same value and corresponds to the symmetric and antisymmetric about the
line x = 0 eigenmodes). Fig. 2.8b represents the first symmetric with respect to x = 0
eigenmode. Figure 2.8c shows that one can have a localised state inbetween the humps for
the negative group velocity modes and the eigenmode is shown for the resonance frequency
Λ = 2.866294 (n = 1). In calculations we take α = π,  = 0.1, γ = 0.547 as before and
the distance between the humps is 2x0 = 60.
If one varies the spacing between the defects then one naturally expects their interaction
to change and the amplitude of the eigenmode to decrease as x0 increases. To sensibly
compare the eigenmodes we adopt the normalisation that
∫ +∞
−∞ w
2dx = 1 and Fig. 2.9
presents the mode shape for the first eigenmode with negative group velocity for different
values of x0 showing this decay. The localised modes near the humps simply tend to those
of an isolated hump and so are not shown.
If one were to have the negative sign in (2.59) then one has two localised depressions
and the localisation still occurs at the depressions and inbetween them, but now for the
modes with opposite group velocities to those for the two-humped case; some computations
for this case are illustrated later in Section 2.6.
2.6 Different types of geometry
The aim of this section is to unify two seemingly different geometrical problems - curvature
variation and thickness variation. It was recently shown by Gridin et al. [49] that modes
with negative group velocity can become trapped in the vicinity of maximum curvature of
a bent elastic plate the geometry of which is shown in Fig. 2.10a. They developed a long
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Figure 2.8: Trapping of energy in the waveguide with two humps; a) the geometry of the
guide; b) localization within the humps (Λ = 5.669362, ω(L,a)n = 5.743314); c) localization
between the humps (Λ = 2.866294, ω(L,a)n = 2.827247).
Figure 2.9: The vertical displacement of the first eigenmode with negative group velocity
shown for different values of the hump spacing, x0 (vg < 0). The eigenmodes are nor-
malised as described in the text. The table on the right presents corresponding eigenvalues.
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Figure 2.10: Trapping of energy in a bent elastic plate (a) is equivalent to the trapping of
energy in a plate with a thin section (b).
wave theory for trapping from which ODEs emerged. Instead of a shape function g(x) the
curved plate theory involves a function, which we shall denote here by δ, which is the angle
between the tangent to the center line and the x-axis. It is convenient in the curved plate
theory to work with the distance along the centerline σ and the rescaling is that ξ = σ;
therefore the curvature is slowly varying.
It turns out that the ODEs for the bent plate problem, here we give just the compres-
sional antisymmetric one
C(L,a)n f0ξξ +
(
4− 1
4γ2
)
δ2ξf0 = Λ
2
2f0, (2.60)
have exactly the same functional form as the ODEs obtained for a thickened or thinning
plate; cf (2.47). The coefficients in front of the second derivative are identical, in fact
one could anticipate this apriori as both theories limit to the flat plate when either g = 0
or when the angle of the centerline with respect to x is constant. In both cases the long
wave ODEs should lead to the small wavenumber asymptotics for the flat plate dispersion
relation as detailed at the end of Section 2.2 and thus to the same C’s.
The only difference is in the second term that describes the particular geometry. The
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ODE (2.60) is written in terms of the curvature function of the centerline δξ whereas
the thickening/ thinning ODE uses g. Equating the second terms in the LHS of (2.47)
and (2.60) we obtain the following connection between the boundary function g and the
curvature function δξ:
−
(
πn
γ
)2
αg =
(
4− 1
4γ2
)
δ2ξ . (2.61)
We now illustrate how they correspond and take the curvature function for a bent plate
as
δξ(ξ) =
δ0
2
1
cosh2(ξ)
, (2.62)
which is that used in [49]. The constant δ0 characterizes the full angle through which the
tangent to the center line rotates as x changes from −∞ to +∞, therefore the range of the
values of δ0 is [0, π] where the lowest value of the range corresponds to a flat plate. From
(2.61) we immediately obtain the boundary function g(ξ) as
g(ξ) = −δ
2
0
(
4γ2 − 1
4
)
4α(πn)2
1
cosh4(ξ)
, (2.63)
for the equivalent thickened guide i.e. a plate with thickness variation about ξ = 0. So we
can now simultaneously solve two problems: curvature variation and thickness variation.
There is a final detail, since g > 0, as assumed at the outset without loss of generality, and
clearly δ2ξ > 0 so the thickening/thinning influence on the group velocity and signs of the
group velocity and relate to the factor
(
4− 1
4γ2
)
.
If
(
4− 1
4γ2
)
> 0 (or γ > 1
4
which corresponds to most physical materials) trapping of
energy in a bent plate is equivalent to the trapping in a waveguide with a thin section (Fig.
2.10).
Taking into account (2.61) and solving the equation (2.47) for  = 0.1, γ = 0.547 and
n = 1 we obtain the resonance frequency Λ = 2.872012 at which trapping takes place in
both waveguides. In Fig. 2.10 we plot the corresponding eigenmode with negative group
velocity as a function of x. The values of constants are the same as before, i.e., α = π and
δ0 = π/2.
It is worth noting that for the shear wavefield the connection between the boundary
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Figure 2.11: Trapping of energy in the U-shaped waveguide (the two lower panels show
the first modes for n = 1 for different signs of the group velocity; α = π, δ0 = π/2,  =
0.1, γ = 0.547, x0 = 250).
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function g and the curvature function δξ:
− (πn)2αg = 15
4
δ2ξ , (2.64)
does not depend on the Poisson ratio that physically characterises compressive deformation.
The single bend clearly can be extended to double bends and these then related to the
double humped waveguides of Section 2.5. Let us take two bends, so we take the shape
function (2.62) twice over and offset, i.e.:
δξ =
δ0
2
(
1
cosh2(ξ − ξ0)
± 1
cosh2(ξ + ξ0)
)
. (2.65)
Eq. (2.65) describes the centerline of the U-shaped and S-shaped waveguides shown in Fig.
2.11(a,b) (the+ and− give the U-shape and S-shape respectively). Also note that the value
of δ0 for the U-shape must not exceed π/2. We can see that as ξ0 → 0 the two terms either
combine to create a single bend of twice the angle (the U-shaped guide) or cancel each
other to form a straight plate (the S-shaped guide).
We take the material parameters for steel again, γ = 0.547, and then these are the
same as a waveguide with two depressions. We show an illustrative calculation for U-
shaped waveguide. Following the analysis in Section 2.5 depending on the sign of the
group velocity trapping can occur in the areas of maximum curvature (in the vicinity of the
points±ξ0) and between them (Fig. 2.11). Calculations for the S-shaped guide give similar
results.
2.7 Concluding remarks
An asymptotic theory for thickening, or thinning, elastic waveguides has been developed
and this now illustrates that trapping of energy near geometric variations is a real possibility
for many situations. Moreover, the thickened/ thinned guide is mathematically identical to
that of the curved plate and thus, to leading order, a plate whether bent or thickened feels
that effect in the same way. Crucial points, such as the sign of the group velocity play a
role in the trapping. Trapping is not confined to stress-free plates, but it can also occur if
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both the edges are clamped. We have presented a symmetric thinned guides theory, but it
is worth noting that symmetry is not essential to the trapping mechanism.
Interestingly, the situation whereby one edge is stress-free and the other clamped is
slightly different and is accessible using different scalings and will be dealt with in Chap-
ter 3, but it is clear that trapping is a ubiquitous feature of wave propagation in guiding
structures.
2.8 Appendix: ODE for waveguides with rigid-clamped boundaries
The asymptotic scheme for a waveguide with rigid-clamped boundaries (boundary con-
ditions (2.23)) is similar and for completeness we give here the ultimate ODEs for the
compressional and shear wavefields.
Compressional wavefield:
C(L,s)n f0ξξ −
(
πn
γ
)2
αgf0 = Λ
2
2f0, (2.66)
C(L,a)n f0ξξ −
(
π(2n− 1)
2γ
)2
αgf0 = Λ
2
2f0, (2.67)
where we use the notation:
C(L,s)n =
1
γ2
[
2γ
πn
tan
(
πn
γ
)
− 1
]
, (2.68)
C(L,a)n =
1
γ2
[
− 4γ
π(2n− 1) cot
(
π(2n− 1)
2γ
)
− 1
]
. (2.69)
Shear wavefield:
C(T,s)n f0ξξ −
(
π(2n− 1)
2
)2
αgf0 = Λ
2
2f0, (2.70)
C(T,a)n f0ξξ − (πn)2 αgf0 = Λ22f0, (2.71)
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where:
C(T,s)n = −
4
γπ(2n− 1) cot
(
γπ(2n− 1)
2
)
− 1, (2.72)
C(T,a)n =
2
γπn
tan (γπn)− 1. (2.73)
(the same coefficients in front of the second derivative were obtained by Kaplunov [58] for
a two-dimensional straight clamped elastic layer in the case of plane strain).
The connection between the boundary function g and the curvature function δξ for rigid-
clamped boundaries is given by the following formulae:
compressional field:
−
(
πn
γ
)2
αg =
3
4γ2
δ2ξ , for the symmetric solution, (2.74)
−
(
π(2n− 1)
2γ
)2
αg =
3
4γ2
δ2ξ , for the antisymmetric solution; (2.75)
shear field:
−
(
π(2n− 1)
2
)2
αg =
3
4
δ2ξ , for the symmetric solution, (2.76)
− (πn)2 αg = 3
4
δ2ξ , for the antisymmetric solution. (2.77)
Thus one can again move between the bent and thickening waveguides for the clamped
case.
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Chapter 3
Trapped modes in elastic plates, ocean
and quantum waveguides
3.1 Statement of the problem
In acoustic or quantum waveguides the wave motion is governed by the scalar Helmholtz
equation. Quantum equivalent of the wave equation, the time-dependent Schro¨dinger equa-
tion with constant effective mass is reduced to the Helmholtz equation and therefore allows
the same methods of solution.
We shall later use the acoustic/quantum case to demonstrate in a simple and clear way
why the re-scaling of the curvature function and its sign are important. However, our main
focus will be on the solution to the elastic problem based on the Helmholtz decomposition
of the displacements, which is presented in terms of two scalar potentials φ and ψ that
completely determine the displacement components. Each of these potentials satisfies the
equations of motion:
Δφ =
1
c2L
φtt, Δψ =
1
c2T
ψtt, (3.1)
where Δ = ∂2/∂x2 + ∂2/∂z2 is the Laplacian and cL and cT are the compressional (lon-
gitudinal) and shear (transverse) wavespeeds, respectively. This decomposition casts the
governing equation in a simple form, but makes the boundary conditions more complicated.
Let us assume that the motion is time harmonic and therefore the solutions (displacement
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Figure 3.1: The geometry of a bent guide. The shading on the guide wall denotes a clamped
(Dirichlet) boundary whilst the other wall is stress-free (Neumann).
function, stress or potentials) are written in the following form:
F (x, z, t) = Fˉ (x, z)e−iωt, (3.2)
the common factor exp(−iωt) will be considered understood and henceforth suppressed.
3.2 Trapping of energy in a bent plate
The geometry and governing equations closely follow those described in [49, 92]. Let us
consider a two-dimensional plate of infinite extent in the x-direction that is bent in the
vicinity of the point x = 0 and flattens out at infinity. The geometry of the problem in
Cartesian coordinates is shown in Fig. 3.1. The plate thickness is constant and, in non-
dimensional units, equals two. We employ the new coordinate system (σ, η) which is more
natural for this type of geometry. Here, 0 ≤ σ <∞ is the arc-length along the centerline, as
shown in Fig. 3.1, and−1 ≤ η ≤ 1 is the coordinate along the shortest distance between the
centerline and a point within the waveguide. The shape of the centerline is characterised by
the angle δ between the tangent to the centerline and x-axis. Therefore, we assume that the
curvature function δσ, where the subscript means the derivative with respect to σ, vanishes
as σ → ∞. We use the small parameter  and a new variable ξ such that ξ = σ which
means that the angle function δ is a slowly varying function of the coordinate σ.
In terms of the new coordinate system (ξ, η) the Laplacian is rewritten as:
Δ = 2κ2∂ξξ + ∂ηη + 
3κ3δξξη∂ξ − κδξ∂η, with κ = (1− δξη)−1. (3.3)
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3.2.1 Acoustic/quantum waveguide
We start with an acoustic waveguide to illustrate the connection between the appropriate
re-scaling and boundary conditions. In [45, 49] the re-scaling ξ = σ is taken as a distin-
guished limit and leads to an asymptotic scheme that describes the mechanism of trapping
for waveguides with traction-free boundaries. As we will see in this section the mixed
type of boundary conditions in acoustic (as well as elastic) guides requires a new re-scaling
leading to even weaker curvature.
The displacement function, u, for acoustic waves satisfies the scalar Helmholtz equa-
tion:
2κ2uξξ + uηη + 
3κ3δξξηuξ − κδξuη + λ2u = 0, (3.4)
We will take the following combinations of boundary conditions:
(i) u(ξ, 1) = 0, uη(ξ,−1) = 0;
(ii) uη(ξ, 1) = 0, u(ξ,−1) = 0, (3.5)
and consider in detail the first. To obtain an asymptotic solution to equation (3.4) we
propose the following asymptotic expansions:
u(ξ, η) = u0(ξ, η) + u1(ξ, η) + 
2u2(ξ, η) + . . . , (3.6)
λ2 = λ20 + λ
2
1 + 
2λ22 + . . . .
By substituting these representations into the governing equation (3.4) and boundary con-
ditions (3.5)(i) and equating coefficients in front of the individual powers of , we obtain a
hierarchy of ordinary differential equations for u0, u1 and u2.
The leading order problem is trivial and leads to
u0(ξ, η) = f0(ξ) cos[λ0(η + 1)], λ0 =
π(2n− 1)
4
, for n = 1, 2, . . . (3.7)
where the values of λ0, in fact, correspond to the cut-off frequencies for a straight guide.
The function f0(ξ) is completely unspecified at this moment, and it is our ultimate goal to
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identify it. The equation of order  is
u1ηη + λ
2
0u1 = δξu0η − λ1u0 with u1(ξ, 1) = 0, u1η(ξ,−1) = 0. (3.8)
If uh1 is a solution to the corresponding homogeneous problem then multiplying both sides
of (3.8) by uh1 and integrating them over the interval [−1, 1] yields the consistency condi-
tion: ∫ 1
−1
{δξλ0 sin[λ0(η + 1) + λ1 cos[λ0(η + 1)]}uh1 dη = 0. (3.9)
Unfortunately, this equation leads to a contradiction - λ1 must be a function of ξ which
is impossible. The original scaling used when the guide walls have identical conditions is
therefore inadequate. We escape this contradiction by re-scaling the curvature function δξ to
exclude the first term in the RHS of (3.8). We set the curvature function δξ = δˆξ (by doing
this we make the curvature weaker). By substituting the asymptotic representation (3.6)
into the governing equation we again obtain the solution (3.7) for u0. But this time the
equation of order  is
u1ηη + λ
2
0u1 = −λ1u0 (3.10)
with boundary conditions (3.8). Now the consistency condition leads to λ1 = 0 and equa-
tion (3.10) becomes homogeneous (and trivial) and has the u1(ξ, η) = f1(ξ) cos[λ0(η+1)].
The consistency condition for the equation of order 2,
u2ηη + λ0u2 = −u0ξξ + δˆξu0η − λ2u0, (3.11)
leads to an ordinary differential equation for f0:
f0ξξ +
δˆξ
2
f0 = −λ22f0. (3.12)
In general, this equation is to be solved numerically and the solution will give us the leading
term of the asymptotic expansion (3.6) and the correction to the eigenvalue. We search for
solutions that exponentially decay at infinity and therefore correspond to trapped modes;
then the eigenvalues λ will define their frequencies. As noted in [45, 49, 92] one can utilize
results from Sturm-Liouville theory to determine in a quite general way whether trapping
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occurs; the second term in the LHS of (3.12) plays a crucial role in this and governs the
existence of trapped modes. It is notable that this second term has the same sign as the
curvature. The equivalent long wave ODE for identical walls involves the square of the
curvature in that term. We will return to this long-wave equation in a later section.
3.2.2 Elastic waveguide
In this section we will derive the analogous ODE to (3.12) for an elastic bent plate; the
asymptotic scheme in elasticity becomes slightly more complicated due to the higher order
boundary conditions.
We consider the wave field in an elastic, isotropic, homogeneous plate whose geometry
is shown in Fig. 3.1. In terms of displacement potentials the governing equations are
written as:
Δφ+ γ2Λ2φ = 0, Δψ + Λ2ψ = 0, (3.13)
where γ = cT/cL =
√
(1− 2ν)/(2− 2ν), Λ2 = (ω/cT )2 and ν is the Poisson ratio. We
assume that one boundary is rigid-clamped and the other is traction-free and will consider
two cases:
(i) u(ξ, 1) = v(ξ, 1) = 0, τξη(ξ,−1) = τηη(ξ,−1) = 0, (3.14)
(ii) u(ξ,−1) = v(ξ,−1) = 0, τξη(ξ, 1) = τηη(ξ, 1) = 0. (3.15)
Here u, v are displacements in the ξ, η directions, respectively, and τηη, τξη are components
of the stress tensor. We consider the first case that, in terms of the new coordinates (ξ, η),
takes the following form:
η = 1 : κφξ + ψη = 0, φη − ψξ(1 + δξη) = 0, (3.16)
η = −1 : 2κφξη + 22κ2δξφξ −Δψ + 2ψηη = 0, (3.17)
(γ−2 − 2)Δφ+ 2φηη − 2κψξη − 22κ2δξψξ = 0.
There are two sub-cases to consider, a shear dominated or compressional dominated case;
we present the latter and just quote results for the former at the end of the section. For the
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compressional field we assume the following asymptotic expansion:
φ(ξ, η) = φ0(ξ, η) + φ1(ξ, η) + 
2φ2(ξ, η) + . . . ,
ψ(ξ, η) = ψ1(ξ, η) + 
2ψ2(ξ, η) + . . . , (3.18)
Λ2 = Λ20 + Λ
2
1 + 
2Λ22 + . . . ,
which leads to the hierarchy of equations for the components of the expansions. Each level
of the hierarchy represents an ordinary differential equation and uses the result obtained in
the previous step. Because of different conditions on the boundaries the solution cannot be
separated in symmetric and antisymmetric parts relative to the centerline. As in the case
of acoustic waves a consistency condition for the equation of order  leads to the situation
when the eigenvalue becomes a function of ξ, therefore, the same re-scaling of the curvature
function is also required in elasticity.
The leading order calculation gives
φ0(ξ, η) = f0(ξ) cos[γΛ0n(η − 1)], for Λ0n = π(2n− 1)
4γ
, (3.19)
where the function f0(ξ) is unknown for the moment and the Λ0n are the cut-off frequencies
for a straight guide. At next order the compressional term gives:
φ1(ξ, η) = f1(ξ) cos[γΛ0n(η − 1)], (3.20)
and is not used hereafter, whilst the shear term is more interesting. The governing equation
is simply
ψ1ηη + Λ
2
0nψ1 = 0, (3.21)
and it is solved subject to the boundary conditions
φ1η + φ0ξ = 0, η = 1, (3.22)
Λ20nψ1 + 2ψ1ηη + 2φ0ξη = 0, η = −1
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to obtain ψ1:
ψ1(ξ, η) = − f0ξ
Λ0n cos(2Λ0n)
[
2γ(−1)n cos[Λ0n(η − 1)] + sin[Λ0n(η + 1)
]
. (3.23)
The equation of order 2 for φ2 is
φ2ηη + γ
2Λ20nφ2 = −φ0ξξ + δˆξφ0η − γ2Λ22φ0,
with boundary conditions
φ2η − ψ1ξ = 0, η = 1,
2φ2ηη − (1− 2γ2)Λ20nφ2 − 2ψ1ηξ = 0, η = −1.
Let us rewrite this problem in the following form:
φ2ηη + γ
2Λ20nφ2 = K1 cos[γΛ0n(η − 1)]−K2 sin[γΛ0n(η − 1)], (3.24)
φ2η(ξ, 1) = H1, φ2(ξ,−1) = H2, (3.25)
where we use the following notation
K1 = −f0ξξ − γ2Λ22f0, K2 = δˆξf0γΛ0n, (3.26)
H1 = − f0ξξ
Λ0n cos(2Λ0n)
[2γ(−1)n + sin(2Λ0n)], H2 = −2δˆξf0γ(−1)
n
Λ0n
− 2
Λ0n
H1.
Now we need to obtain a solvability condition for (3.24). This condition will give us
the equation for f0 and the solution to this equation will determine the behaviour of the
displacement components. Let φh2 be a solution to the problem
φh2ηη + γ
2Λ20φ
h
2 = 0,
φh2η(ξ, 1) = 0, φ
h
2(ξ,−1) = 0.
To derive the consistency condition for (3.24)-(3.25) we multiply both parts of (3.24) by
φh2 and integrate with respect to η over the interval [−1, 1]. Integration by parts twice of
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the LHS integral and straightforward calculations of the RHS integral give us the following
consistency condition:
H1 − γΛ0nH2(−1)n = K1 + K2
2γΛ0n
,
which, taking into account the notation above, can be written as:
CLn f0ξξ −
(
2− 1
2γ2
)
δˆξf0 = Λ
2
2f0, (3.27)
where
CLn =
4(−1)n
Λ0nγ cos(2Λ0n)
+
1 + 4γ2
Λ0nγ2
tan(2Λ0n)− 1
γ2
(3.28)
with
Λ0n =
π(2n− 1)
4γ
.
Similar analysis holds for the dominant shear field where at the outset the asymptotic ex-
pansions
φ(ξ, η) = φ1(ξ, η) + 
2φ2(ξ, η), (3.29)
ψ(ξ, η) = ψ0(ξ, η) + ψ1(ξ, η) + 
2ψ2(ξ, η),
Λ2 = Λ20 + Λ
2
1 + 
2Λ22
are taken, and eventually one is led to the ODE:
CSn f0ξξ −
3
2
δˆξf0 = Λ
2
2f0, (3.30)
where the coefficients CSn are
CSn =
4(−1)n
Λ0n cos(2γΛ0n)
+
1 + 4γ2
Λ0nγ
tan(2γΛ0n)− 1, (3.31)
Λ0n =
π(2n− 1)
4
, n = 1, 2, . . .
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Figure 3.2: The geometry of a topographically varying waveguide: a) α > 0, b) α < 0.
Given the governing ODEs (3.27) and (3.30), our aim is to find their non-trivial solutions,
f0. These must decay as x→ ±∞ and we then derive conditions for the existence of these
solutions. In general eqs. (3.27) and (3.30) do not have analytical solutions and therefore
we solve them numerically.
3.3 Trapping of energy in a topographically varying plate
We now consider trapping for a waveguide of different geometry that is apparently uncon-
nected to the bent guide. The waveguide is shown in Fig. 3.2. It has a thickness perturbation
in the vicinity of x = 0 and flattens out at infinity. The formulation of the problem is the
same as in Chapter 2. We describe the boundaries using the following function:
h(x) = ±[1 + 0.5α2g(x)], (3.32)
where the function g will be taken, for instance, as a Gaussian. Therefore, the waveguide
has a thick (α > 0) or a thin (α < 0) section in the vicinity of x = 0 and thickness becomes
constant and equals 2 as x→∞. The small parameter  shows that the boundary function
is a smooth function of the horizontal coordinate x and the height of the thickness variation
is of order 2.
We introduce the new variables ξ = x and η = z/h(x). In the coordinate system
(ξ, η) the waveguide becomes a flat plate which allows us to apply the boundary conditions
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at η = ±1. The Laplacian in the governing equation is written as follows:
Δ = 2∂ξξ +
1
h2
∂ηη − 22ηhξ
h
∂ξη + (3.33)
2
{
η2
(
hξ
h
)2
∂ηη + η
[
2
(
hξ
h
)2 − hξξ
h
]
∂η
}
.
3.3.1 Asymptotic scheme
The asymptotic scheme for a topographically varying guide is similar to that of a bent
guide. We will not give details of the analysis here and present only the ultimate ODEs.
It is worth noting that a waveguide with thickness variation does not require additional
re-scaling which means that curvature variation has a stronger effect on trapping than do
thickness variations.
We obtain the following ODEs describing long waves in topographically varying plates:
acoustic waveguide:
− f0ξξ −
(
π(2n− 1)
4
)2
αgf0 = λ
2
2f0, n = 1, 2, . . . (3.34)
elastic compressional field:
CLn f0ξξ − Λ20nαgf0 = Λ22f0, (3.35)
where
CLn =
4(−1)n
Λ0nγ cos(2Λ0n)
+
1 + 4γ2
Λ0nγ2
tan(2Λ0n)− 1
γ2
, (3.36)
Λ0n =
π(2n− 1)
4γ
, n = 1, 2, . . .
elastic shear wavefield:
CSn f0ξξ − Λ20nαgf0 = Λ22f0, (3.37)
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where
CSn =
4(−1)n
Λ0n cos(2γΛ0n)
+
1 + 4γ2
Λ0nγ
tan(2γΛ0n)− 1, (3.38)
Λ0n =
π(2n− 1)
4
, n = 1, 2, . . .
3.4 Trapping of shallow water waves
An identical approach is used for the investigation of trapped modes along smoothly curved
ocean coasts since the natural model describing a shelf along the curved coast is a curved
strip of a constant width. The two-dimensional geometry of the problem in a curvilinear
coordinate system (σ, η) is the same as before (see Fig.3.1). We will consider a rotating
layer of homogeneous incompressible inviscid fluid which has a constant and uniform den-
sity. In the rotating frame the equations describing coastal flow in shallow water, [86, 55],
are the horizontal momentum equation:
∂U
∂t
+U ∙ ∇U− 2Ωkˉ×U = −g∇H˜, (3.39)
and the equation of mass conservation
∂H˜
∂t
+∇ ∙ [(H˜ +H)U] = 0. (3.40)
Here U = (u(x, z, t), v(x, z, t)) is the horizontal velocity, kˉ is a vertical unit vector, Ω
is the vertical component of the Earth’s rotation, g is the acceleration due to gravity, H˜ =
H˜(x, z, t) is the vertical displacement of the surface, and H = H(x, z) - the undisturbed
fluid depth. We assume small-amplitude motion thereby allowing a linearization of the
governing equations. Thus (3.39) and (3.40) can be written as:
∂
∂t
[
∂v
∂x
− ∂u
∂z
]
+ 2Ω∇ ∙U = 0, ∇ ∙ (HU) = 0. (3.41)
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Introducing the streamfunction ψ by (Hu,Hv) = (−ψz, ψx) the first equation in (3.41) is
rewritten as follows:
∇ ∙
(
1
H
∇∂ψ
∂t
)
+ 2Ωkˉ ∙ ∇ψ ×∇
(
1
H
)
= 0. (3.42)
The streamfunction is taken to be periodic in time and has the following form:
ψ(x, z, t) = Φ(x, z) exp(−2iωΩt). (3.43)
Substitution of this representation into Eq. (3.42) gives the following equation for Φ:
1
H
ΔΦ+∇ 1
H
∙ ∇Φ + i
ω
kˉ ∙ (∇Φ×∇ 1
H
) = 0, (3.44)
where we omit the common factor exp(−2iωΩt). This equation is called the Rossby-wave
equation.
As in [55] the depth function H is taken to be only a function of coordinate η and does
not vary along the coast. For boundary conditions we assume that the coast at the boundary
η = 1 has Φ = 0 and at the “shelf-ocean” boundary, η = −1, we have Φη = 0. In the
coordinate system (σ, η) the Rossby-wave equation is written as follows:
κ2Φσσ + Φηη + κ
3ηδσσΦσ − (β′ + κδσ)Φη − i
ω
κβ′Φσ = 0, (3.45)
where we use the notation
β(η) = lnH(η), β′ =
dβ
dη
, κ = (1− ηδσ)−1, (3.46)
and omit the common factor e−β .
Let us take the depth function in the following form: H(η) = e−2b(η+1), where b is
a positive constant. Therefore, the depth of the water layer at the coast is e−4b and the
maximum depth is 1. For convenience we introduce a new variable φ such that
Φ(σ, η) = exp
(
−bσ
ω
i
)
φ(σ, η), (3.47)
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therefore, the equation for φ is written in the following form:
κ2φσσ + φηη +
[
κ3ηδσσ − 2b
ω
iκ2ηδσ
]
φσ+
(2b− κδσ)φη+
[
b2
ω2
(2κ− κ2)− b
ω
iκ3ηδσσ
]
φ = 0. (3.48)
3.4.1 Asymptotic method
We will again assume that the function δσ describing the centerline of the guide is a smooth
function of the arclength σ and therefore move to the coordinate system (ξ, η) and employ
the following expansions:
φ(ξ, η) = φ0(ξ, η) + φ1(ξ, η) + 
2φ2(ξ, η) + . . . , (3.49)(
b
ω
)2
= λ20 + λ
2
1 + 
2λ22 + . . . . (3.50)
The hierarchy of equations obtained for the components of the expansions is similar to that
obtained earlier and the re-scaling of the curvature function, δξ = δˆξ, is also required. The
leading order solution (we are interested only in the exponentially decaying one) is
φ0(ξ, η) = f0(ξ)e
−bη sin
[√
λ20 − b2(η − 1)
]
, (3.51)
where λ0 is one of the solutions to the equation
tan
(
2
√
λ20 − b2
)
= −
√
λ20 − b2
b
, (3.52)
and it is, again, the cut-off frequency for a straight guide. The equation of order  leads to
λ1 = 0 and the solution is:
φ1(ξ, η) = f1(ξ)e
−bη sin
[√
λ20 − b2(η − 1)
]
. (3.53)
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The equation of order 2 gives an ODE for f0:
− f0ξξ − δˆξ
[
b− I2
I1
√
λ20 − b2
]
f0 = λ
2
2f0, (3.54)
where I1 = − 1
4bλ20
(
e2b
{
kb sin(4k) + b2 cos(4k)− b2}− 2k2 sinh(2b)) , (3.55)
I2 = − 1
4λ20
(
e−2bk − e2b{k cos(4k) + b sin(4k)}) , (3.56)
k =
√
λ20 − b2. (3.57)
Note that the coefficient in square brackets in (3.54) is always positive, therefore, the sign
of the second term of the LHS of (3.54) depends on the sign of δˆξ.
3.5 Discussion of trapping
To determine whether trapping takes place, or not, we have to analyze Eqs. (3.27), (3.30),
(3.35), (3.37) and (3.54). The solutions to these equations, f0, determine the behaviour of
the leading order components in the asymptotic expansions. Therefore exponentially de-
caying modes (or trapped modes) exist when the corresponding ODEs have exponentially
decaying solutions. The analysis of these equations and the physical explanation of trap-
ping closely follows that in [49, 92]. It is based on the theory of operators and it leads to
the conditions at which we can expect trapping. For each waveguide these are summarized
in Table 3.1. Note that the sign of CLn and CSn depends on the values of n and γ (or equiv-
alently ν). Plots of the coefficients CLn and CSn for n = 1, 2 against the Poisson ratio are
presented in Fig 3.3. These plots show that there are many values at which CLn and CSn
change sign, except Cs1 which for the material value γ = 0.547, corresponding to steel, is
purely negative.
The case of a bent plate deserves more detailed discussion. Let us consider the acoustic
ODE (3.12) where the displacement u satisfies boundary conditions (3.5)(i). The coefficient
in front of f0ξξ is negative and according to Table 3.1 trapping of energy can be expected if
δˆξ > 0 and this is in line with the theory presented for the acoustic case in [27]. If δˆξ < 0
(which, in fact, corresponds to the boundary conditions (3.5)(ii) with δˆξ > 0) there is no
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Figure 3.3: The plots of CL1 , CL2 , CS1 and CS2 against the Poisson ratio ν.
Table 3.1: The condition of existence of trapped modes
condition of existence of trapped modes
compressional field shear field
bent plate 2− 1
2γ2
> 0 2− 1
2γ2
< 0
CLn < 0, δˆξ > 0 C
L
n < 0, δˆξ < 0 C
S
n < 0, δˆξ > 0
CLn > 0, δˆξ < 0 C
L
n > 0, δˆξ > 0 C
S
n > 0, δˆξ < 0
plate with thickness CLn < 0, α > 0 CSn < 0, α > 0
variation CLn > 0, α < 0 CSn > 0, α < 0
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Figure 3.4: Boundary conditions play an essential role in the existence of trapping.
possibility for trapping (fig. 3.4). Therefore, in a bent plate the boundary conditions (3.5)
(or the sign of the curvature function δˆξ) play an essential role in the existence of trapping,
whereas, by virtue of symmetry, trapping in a plate with symmetric thickness variation does
not depend on which boundary is rigid. The elastic case is clearly more complicated, it is
now no longer a case of simply whether the curvature changes sign, but also whether the
material dependant coefficient is positive or negative.
A Taylor expansion of the Rayleigh-Lamb equation for the long-wave regime gives the
following important connection between coefficients CLn (or CSn ) and the group velocity cg:
cg = −C
L
n
ωL0
k, (3.58)
where ωL0 is the cut-off frequency for the longitudinal modes and k is a dimensionless
wavenumber. This connection gives an interpretation of trapping in terms of the group
velocity, that is, for example, negative CLn in Table 3.1 are equivalent to positive group
velocities and vice versa.
3.6 Numerical calculations
As a verification, and illustration, of the accuracy of the asymptotic scheme described above
we present typical numerical results for trapped modes in both acoustic and elastic waveg-
uides. The full, unapproximated, governing equations are solved numerically by applying
a spectral collocation algorithm based on the Newton-Kantorovich approach [14]. The
eigenvalues and displacement profiles that are found are then compared with numerical
solutions to the ODEs that came from the asymptotics. The ODEs are also solved by a
spectral collocation method, using Laguerre basis functions that automatically incorporate
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Table 3.2: The comparison of eigenvalues generated by the long-wave theory, numerical
method and the Galerkin method for the ODE’s.
n m asymptotic numerical relative error Galerkin
method method method
1 1 1.43606666 1.43608572 3.8× 10−3
bent 2 1 4.30747580 4.30747663 1.9× 10−7
waveguide 3 1 7.17912985 7.17913015 4.2× 10−8
2 1 4.25997007 4.25730854 6.8× 10−4 4.25995987
2 2 4.29220780 4.28441166 2.0× 10−3 -
waveguide with 2 3 4.30663154 4.30095983 1.8× 10−3 -
thickness 3 1 7.08081707 7.09506364 2.0× 10−3 7.08057487
variation 3 2 7.10956689 7.12793131 2.6× 10−3 -
3 3 7.13435717 7.15268274 2.6× 10−3 -
3 4 7.15477824 7.17051787 2.2× 10−3 -
curved coast (b=2) 1 1 2.37526970 2.37570693 1.8× 10−4 2.37541477
the exponential decay at infinity. This reduces the ordinary differential eigenvalue problem
to a matrix eigenvalue problem that is solved with standard methods. Solving this ODE is
very rapid compared with solving the full PDE.
The Newton-Kantorovich method used for the full governing equations is a good al-
ternative to a spectral method that directly solves the full PDE and based on the standard
MATLAB routine eig(A,B) (see [3], [108]). This in-built function employs the QZ-
algorithm that requires O(N3) operations to calculate eigenvalues of N ×N -matrix which
is time-consuming in some situations. For example, the solution of the full two-dimensional
problem (3.13)-(3.14) requires finding all the eigenvalues ofNM×NM -matrix. Moreover,
modes of higher order require more interpolating points along the x-axis, which increases
N . Provided that we have a good initial guess, the Newton-Kantorovich method converges
much faster, but unlike the QZ-algorithm it gives only one eigenvalue at a time; this is,
of course, perfect if we are tracking how an eigenvalue changes with a parameter or if we
only require a few eigenvalues. The spectral method for the ODE is a quick and simple
way of finding the eigenvalues and does not require an initial guess and a large number of
interpolation points.
Finally we develop, in the Appendix, a Galerkin approach that leads to a cubic for
the eigenvalue from which a highly accurate estimate of the lowest eigenvalue emerges.
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Values from this scheme are also given in Table 3.2. Notably, it fails for the bent guide as
the parameter ˆ, introduced in the Appendix, is greater then 1 for that case, but otherwise it
produces highly accurate estimates.
We give here the numerical results for the compressional field case; the accuracy of the
method(s) is similar for the other cases. In our numerical calculations we take the small
parameter  = 0.1, and the values of longitudinal and transverse wavespeeds for steel:
cL = 5960 and cT = 3260m s−1, which correspond to γ = 0.547. The geometry of a bent
guide is characterized by the angle δ = δˆ where we take δˆ in the following form:
δˆ(ξ) =
δ0
2
tanh(ξ). (3.59)
Therefore, the curvature function of the centerline is written as follows:
δˆξ(ξ) =
δ0
2
1
cosh2(ξ)
, (3.60)
where the subscript denotes the derivative with respect to ξ and δ0 was taken as π/2. The
upper part of the Table 3.2 presents the eigenvalues for a bent plate generated by the asymp-
totic scheme and those generated by direct application of the Newton-Kantorovich method
to the full problem. The value m indicates the number of oscillations in the x-direction.
The corresponding profiles are illustrated in Fig.3.5 where the displacement component w
is shown as a function of x for the fixed value of η = 0.5. Note that for γ = 0.547 the
coefficient (2 − 1/(2γ2)) is positive and starting from n = 2 the coefficients in front of
the second derivative for the compressional field are negative. Therefore calculations for
n ≥ 2 represent trapped modes in a bent waveguide with a positive curvature function,
for n = 1 this coefficient becomes positive and calculations are given for δˆ < 0. The left
panel in Fig.3.5 is a profile calculated for δ0 = π/2 and corresponding cut-off frequency is
ω0 = 4.30748536. The profile in the right panel is for the negative curvature function and
the cut-off frequency is ω0 = 1.43582845.
The eigenvalues generated by the Newton-Kantorovich method and asymptotic scheme
for a topographically varying waveguide are also shown in Table 3.2 and the displacement
components against the coordinate x are plotted in Fig. 3.6.
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Figure 3.5: The displacement component w as a function of the coordinate x at η = 0.5 for
a bent waveguide. Left panel: δ0 = π/2, n = 2. Right panel: δ0 = −π/2, n = 1.
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Figure 3.6: Displacement component w as a function of the coordinate x at η = 0.5 for a
topographically varying waveguide.
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Calculations are presented for  = 0.1, γ = 0.547, α = π and n = 2 and the corre-
sponding cut-off frequency is ω0 = 4.30748536. In Fig.3.7 we show the displacement field
in (x, z) coordinate plane for a bent waveguide, waveguide with topographical variation
and a curved ocean coast.
3.7 Different types of geometry
As observed in [92] it is possible to unify two different types of waveguides - a bent elastic
plate and a guide with thickness variation. In fact, equations (3.27) and (3.35) (or, (3.30)
and (3.37)) have the same coefficients in front of the second derivative of f0. The coeffi-
cients in front of f0 include functions describing the geometry. This is either the curvature
function for the bent guide or the boundary function for a guide with thickness variation
so we only need to solve one ODE to obtain solutions to both problems simultaneously.
Namely, if we equate the coefficients of (3.27) and (3.35) in front of f0 and take, in Eq.
(3.35), the following form for the thickness variation:
g(ξ) =
δ0
(
2− 1
2γ2
)
2Λ20nα cosh
2(ξ)
, Λ0n =
π(2n− 1)
4γ
, (3.61)
the solution to (3.35) will give us the frequency at which trapping occurs in both guides.
For instance, at Λ = 4.307475 trapped mode exists in both waveguides. This value was
calculated for α = π, δ0 = π/2, γ = 0.547,  = 0.1, n = 2. Note that for γ = 0.547 we
have (2− 1
2γ2
) > 0 and trapping in a bent guide is equivalent to trapping in a guide with a
thick section.
For the dominant shear field the equation analogous to (3.61) is written as:
g(ξ) =
3δ0
4Λ20nα cosh
2(ξ)
, Λ0n =
π(2n− 1)
4
. (3.62)
In this case trapping takes place in both waveguides at Λ = 2.355721 where the parameters
in the calculations are the same as above.
Up to this point we considered waveguides which have perturbation in the vicinity of
x = 0. Another instance of the curvature function δξ is a function describing a waveguide
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Figure 3.7: The displacement field in (x, y) coordinate system for a topographically varying
plate, a bent plate and a curving ocean coast (top-down). The blue/red colour corresponds
to the maximum/minimum value of w.
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Figure 3.8: Different types of geometry
that has two bends of the centerline, say,
δˆξ =
δ0
2
(
1
cosh2((σ − σ0))
± 1
cosh2((σ + σ0))
)
. (3.63)
This function describes two guides in Fig. 3.8 both of which have bends in the vicinity of
points ± x0 and signs ’+’ and ’−’ in (3.63) correspond to U-shaped and S-shaped waveg-
uides, respectively. Again we expect potential trapping of energy in the areas of curvature
variation. To illustrate the importance of the boundary conditions we calculate eigenval-
ues for acoustic U-shaped and S-shaped guides. In figure 3.9 we show displacement field
in (x, z)-plane for U-shaped waveguide which has rigid clamped boundary at η = 1 and
traction-free boundary at η = −1. The curvature function δξ is positive so modes become
trapped in the vicinity of two bends at frequency corresponding to λ = 0.784637. In the
S-shaped guide (fig. 3.9 lower panel) the curvature function changes sign as x becomes
negative, therefore we can expect trapping only in the vicinity of x = x0. The resonant
frequency in this case corresponds to λ = 0.784929. In calculations shown we have taken
x0 = 30 and the parameters  and α as earlier in this section.
3.8 Concluding remarks
It is evident that an expansion about cut-off frequencies rapidly leads to an asymptotic
description of guided waves in the long-wave limit, although this seems not widely ap-
preciated. The reduction is equally useful whether the guiding occurs in elastic, ocean or
quantum waveguides and in each situation trapping can and will occur and the asymptotic
theory accurately determines criteria for this; this is verified by full numerical simulations.
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Figure 3.9: The displacement field for the U- and S-shaped guides with their amplitudes.
The trapping at one point for the S-shaped and two points in the U-shaped guides is evi-
dent. The insets show the displacements along the traction-free boundary, η = 1, and the
parameters are taken as described in the main text. The blue/red colour corresponds to the
maximum/minimum value of w.
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The asymptotic scheme leads to an ODE that captures the essential physics and it is more
easily solved than are the full governing equations. A simple approximation is also ob-
tained, which gives a highly accurate estimate for the lowest eigenvalue.
When the conditions on each side of the guide are different then the scaling that is re-
quired to develop the asymptotic theory differs from the situation when the conditions are
identical, in particular trapping occurs for weaker curvatures and is dependant upon the
curvature of the guide. The asymptotic theory complements recent rigorous existence re-
sults for the ocean and quantum waveguide problem and, it is to be hoped that it encourages
research into the rigorous existence of trapping for the elastic guiding problem.
3.9 Appendix: The lowest eigenmode of the long wave ODE
A model differential eigenvalue problem that captures the generic behaviour of a region
with a single isolated inhomogeneity (of either thickness or curvature) is given by
εˆ2
d2u
dξ2
+ [cosh−2(ξ) + λ]u = 0. (3.64)
Usually it must be solved numerically to determine the function u and the eigenvalue λ. In
equation (3.64) εˆ is a constant and λ is the eigenvalue (the lowest one is of most interest)
and a Galerkin-style expansion, [14], leads to concise formulae from which approximations
to it can be found. Mapping the ODE to [−1, 1], with y = tanh ξ, gives
εˆ2
(
(1− y2)2 d
2
dy2
− 2y(1− y2) d
dy
)
u+ ((1− y2) + λ)u = Lu = 0 (3.65)
which is similar to the Chebyshev ODE and motivates the basis functions φn = T2n(y) −
T0(y) for symmetric eigenmodes; these satisfy Dirichlet conditions at the endpoints. Set-
ting u =
∑∞
n=1 anφn(y) and truncating this for (an apparently absurdly low) n of 3 and min-
imising the residual using the orthogonality of the Chebyshevs with respect to the weight
function (w(y) = 1/
√
1− y2) gives a matrix equation < w(y)φi, Lφj > aj = 0 (for
i, j = 1, 2, 3 and summation over repeated indices). This in turn leads to an explicit cubic
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Figure 3.10: The Galerkin lowest eigenvalue versus εˆ showing both the eigenvalue itself
(solid from full numerics and dashed from the cubic) and the relative error between them.
in λ whose roots are then trivially found. The eigenvalue is the smallest real root of
63
8
λ− 231
4
εˆ2− 873
4
εˆ2λ+
27
2
λ2 + 763λ εˆ4
−175 εˆ2λ2 + 2007
4
εˆ4 + 7λ3 − 315 εˆ6 + 21
16
= 0 (3.66)
for the symmetric case and, a similar analysis with minor adjustments gives
− 77
4
εˆ2λ2 − 621
32
εˆ2λ+
623
4
εˆ4λ− 519
128
εˆ2 +
2169
32
εˆ4
+
27
64
λ+
27
32
λ2 − 873
4
εˆ6 +
1
2
λ3 +
15
256
= 0 (3.67)
in the anti-symmetric case; the coefficients are rather ugly, but that is commonplace in such
an approach [14]. An illustration of the accuracy of this method is given in figure 3.10, for
the lowest mode. The relative error is typically O(10−5) over the domain of interest. Given
the truncation at such a low n this accuracy is, at first sight, remarkable. In any event these
simple cubic formulae are both handy and accurate and allow for rapid evaluation.
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Chapter 4
Trapped modes in three-dimensional
topographically varying plates
4.1 Statement of the problem
We consider a wave field in a plate using the Cartesian coordinate system (x, y, z) as shown
in figure 4.1. The plate is infinite in both the x and y-directions and contains a linear, ho-
mogeneous, isotropic elastic medium. To create a geometrical model of a weld we perturb
the thickness of the plate along the x-axis such that in a plane y =constant the geometry of
the guide is described by the following function:
z(x) = ±[1 + 0.52αg(x)], (4.1)
and the topography does not vary in the direction of the y-axis. Here, the function g > 0
describes the boundary variation and typically could be, say, exp[(−x)2] and we use this
Figure 4.1: The geometry of the problem: a) a thickened weld and b) a thinning depression.
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function in our numerical study later. Furthermore, the plate is symmetric with respect to
the planes x = 0 and z = 0 and the plate flattens out with distance from the y-axis. The
parameter α is a positive or negative constant characterizing whether the waveguide has a
“weld” (fig.4.1a) or a depression (fig.4.1b) respectively. By introducing the small parameter
 we impose restrictions on the geometry. The height/depth of a “weld”/depression is of
order 2 and the boundary function g is a smooth function of x-coordinate.
Using the Helmholtz theorem, the displacements u in a three-dimensional structure are
defined via the following representation:
u = ∇φˆ+∇× Ψˆ, (4.2)
where the scalar and vector potentials φˆ and Ψˆ = (ψˆ1, ψˆ2, ψˆ3) satisfy uncoupled equations
of motion
∇2φˆ = 1
c2L
φˆtt, ∇2Ψˆ = 1
c2T
Ψˆtt, ∇ ∙ Ψˆ = 0. (4.3)
The last relation in (4.3) is taken as the additional so-called gauge constraint and arises to
remove an unnecessary degree of freedom. This representation, which goes back to [22],
and its completeness are discussed in detail in [104].
The motion is taken to be time harmonic, and waves are travelling in the y-direction
with fixed wavenumber, and since the topography does not vary in the y-direction we take
the following form for the potentials:
φˆ(x, y, z) = φ(x, z)e[i(βy−ωt)], Ψˆ(x, y, z) = Ψ(x, z)e[i(βy−ωt)], (4.4)
where β is a wavenumber in the y-direction, ω is a circular frequency and
Ψ(x, z) = (iβψ1(x, z), ψ2(x, z), iβψ3(x, z)).
Therefore, equations (4.3) are rewritten in the following form:
Lφ = −k2Lφ, Lψi = −k2Tψi, i = 1, 2, 3
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L = ∂
2
∂x2
+
∂2
∂z2
− β2, ψ1x + ψ2 + ψ3z = 0, (4.5)
where kL = ω/cL and kT = ω/cT .
The governing equations are accompanied by the traction-free boundary conditions
given by
3∑
j=1
τijnj = 0 (i = 1, 2, 3), z = ± h(x), (4.6)
where τij are components of the stress tensor and nj are components of the outward normal
to the boundary surface: n = (−hx, 0, 1); here h(x) = 1 + 0.52αg(x). The relations
for stresses written in terms of the potentials are presented in Appendix 4.5.
It is convenient to make the following change of variables
ξ = x, η = z/h, (4.7)
therefore, we map z into a region |η| ≤ 1. So at the cost of complicating the governing
equations, the problem is recast into a simpler geometry.
In the coordinate system ξ, η the governing equations (4.5) become
Lφ+ γ2Λ2h2φ = 0, Lψi + Λ2h2ψi = 0, (i = 1, 2, 3)

[
h
∂ψ1
∂ξ
− ηhξ ∂ψ1
∂η
]
+ hψ2 +
∂ψ3
∂η
= 0, (4.8)
where γ = cT/cL and Λ = ω/cT . The operator L in new variables is rewritten as
1
h2
L = 2 ∂
2
∂ξ2
+
1
h2
∂2
∂η2
− 22ηhξ
h
∂2
∂ξ∂η
+
2
{
η2
(
hξ
h
)2
∂2
∂η2
+ η
[
2
(
hξ
h
)2
− hξξ
h
]
∂
∂η
}
− β2.
Similarly the boundary conditions, at η = ± 1, now are written as follows:
− hξτ11 + τ13 = 0, − hξτ21 + τ23 = 0, − hξτ31 + τ33 = 0. (4.9)
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where the stress components τij written in new coordinates are presented in Appendix 4.6.
Our aim is to find those solutions to the problem (4.8)-(4.9) that correspond to modes
propagating along the y-axis but which have amplitudes decaying with a distance from it
(as x → ±∞). Such modes will then be trapped in the vicinity of the weld and will travel
along it.
4.2 Asymptotic expansions
We take the following asymptotic expansions:
φ(ξ, η) = φ0(ξ, η) + φ1(ξ, η) + 
2φ2(ξ, η) + ∙ ∙ ∙ ,
ψ1(ξ, η) = ψ10(ξ, η) + ψ11(ξ, η) + 
2ψ12(ξ, η) + ∙ ∙ ∙ , (4.10)
ψj(ξ, η) = ψj1(ξ, η) + 
2ψj2(ξ, η) + ∙ ∙ ∙ , j = 2, 3,
Λ2 = Λ20 + Λ
2
1 + 
2Λ22 + ∙ ∙ ∙ .
This expansion builds on the fact that we expect, both physically and from the related 2D
problem, the solution to be a perturbation away from a Rayleigh-Lamb wave that propa-
gates purely in the y direction. Substituting these expansions into the equations of motion
and collecting the coefficients of individual powers of  give us the hierarchy of ordinary
differential equations for the components of the expansions (4.10). As an aside, we note
that one could also perturb about an out-of-plane base state, but that case is less interesting
and is given in the Appendix 4.8.
Equations of order 1
The equations of order 1 are equations for φ0 and ψ10:
φ0ηη + (γ
2Λ20 − β2)φ0 = 0, ψ10ηη + (Λ20 − β2)ψ10 = 0, (4.11)
subjected to boundary conditions
2φ0η + (2β
2 − Λ20)ψ10 = 0, (2β2 − Λ20)φ0 + 2β2ψ10η = 0 at η = ± 1. (4.12)
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At this point, let us introduce the following notation:
Π =
√
Λ20 − β2, Πγ =
√
γ2Λ20 − β2. (4.13)
In fact, equations (4.11)-(4.12) form the classical Rayleigh-Lamb flat plate problem, [2], for
waves propagating in the y direction andΛ0 gives the cut-off frequency when the wavenum-
ber in x direction is zero. This problem has two families of solutions - symmetric and
antisymmetric with respect to η:
φ0(ξ, η) = f0(ξ)
cos(Πγη)sin(Πγη) ψ10(ξ, η) = fˆ0(ξ)
sin(Πη)cos(Πη) . (4.14)
The symmetric solution is named as the one symmetric for φ0. The function fˆ0(ξ) is defined
by
fˆ0(ξ) = f0(ξ)
2Πγ sin(Πγ)/[(2β
2 − Λ20) sin(Π)]
(2β2 − Λ20) sin(Πγ)/[2β2Πsin(Π)]
. (4.15)
The primary aim is to find an expression for the function f0(ξ), and if it exponentially
decays, the trapping will occur. The term Λ0 is one of the infinite number of roots of
4ΠγΠβ
2
(2β2 − Λ20)2
+
tan(Π)
tan(Πγ)
= 0 and
4ΠγΠβ
2
(2β2 − Λ20)2
+
tan(Πγ)
tan(Π)
= 0 (4.16)
in the symmetric and antisymmetric cases respectively.
Equations of order 
The equations of order  for φ1 and ψ11 are:
φ1ηη +Π
2
γφ1 = −γ2φ0Λ21, ψ11ηη +Π2ψ11 = −Λ21ψ10, (4.17)
with boundary conditions at η = ± 1:
2φ1η + ψ11ηη + β
2ψ11 = 0, (γ
−2 − 2)[φ1ηη − β2φ1] + 2φ1ηη + 2β2ψ11η = 0. (4.18)
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If φhom1 is a solution to the homogeneous versions of (4.17) then the solvability condition
Λ21
∫ 1
−1 φ0φ
hom
1 = 0 leads to Λ1 = 0. These boundary conditions, (4.18), can be rewritten
as
2φ1η + (2β
2 − Λ20)ψ11 = 0, (2β2 − Λ20)φ1 + 2β2ψ11η = 0, (4.19)
which is exactly the same form as for the equations of order 1. Therefore the solution is
φ1(ξ, η) = f1(ξ)
 cos(Πγη)sin(Πγη)
 , ψ11(ξ, η) = fˆ1(ξ)
 sin(Πη)cos(Πη)
 , (4.20)
where the f1, fˆ1 functions have the same relationship as in (4.15).
The equations for ψ21 and ψ31 are
ψ21ηη +Π
2ψ21 = 0, ψ31ηη +Π
2ψ31 = 0, ψ10ξ + ψ21 + ψ31η = 0, (4.21)
with boundary conditions
ψ21ηη + β
2ψ31η = 2φ0ξη + β
2ψ10ξ, η = ± 1. (4.22)
Symmetric and antisymmetric parts of solution correspond to two sets of solutions for ψ21
and ψ31:
ψ21(ξ, η) = h1(ξ)
 sin(Πη)cos(Πη)
 , ψ31(ξ, η) = hˆ1(ξ)
 cos(Πη)sin(Πη)
 . (4.23)
Let us consider the symmetric part. From (4.21)3 we obtain the relation between h1 and
hˆ1:
hˆ1Π− h1 = fˆ0ξ, (4.24)
and boundary conditions (4.22) can be rewritten as:
hˆ1β
2Π+ h1Π
2 = 2f0ξΠγ
sin(Πγ)
sin(Π)
− β2fˆ0ξ. (4.25)
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Now, solving system (4.24)-(4.25) and taking into account (4.15), we obtain:
h1(ξ) = − 2Πγ sin(Πγ)
(2β2 − Λ20) sin(Π)
f0ξ(ξ), hˆ1(ξ) ≡ 0. (4.26)
The same analysis for the antisymmetric part gives the following solution:
h1(ξ) = −(2β
2 − Λ20) sin(Πγ)
2β2Πsin(Π)
f0ξ(ξ), hˆ1(ξ) ≡ 0. (4.27)
Equations of order 2
The equations for φ2 and ψ12,
φ2ηη +Π
2
γφ2 = −φ0ξξ − Π2γαgφ0 − γ2Λ22φ0,
ψ12ηη +Π
2ψ12 = −ψ10ξξ − Π2αgψ10 − Λ22ψ10, (4.28)
are subjected to boundary conditions:
2φ2η + ψ12ηη + β
2ψ12 = −αgφ0η − β2αgψ10 − ψ21ξ,
2φ2ηη−(1−2γ2)Λ20φ2+2β2ψ12η = (1−2γ2)(αgΛ20+Λ22)φ0−2ψ21ξη−β2αgψ10η. (4.29)
Let us consider the symmetric case in detail. We can rewrite the governing equations (4.28)
in the following form:
φ2ηη +Π
2
γφ2 = F1(ξ) cos(Πγη), ψ12ηη +Π
2ψ12 = F2(ξ) sin(Πη), (4.30)
where
F1(ξ) = −f0ξξ − Π2γαgf0 − γ2Λ22f0, F2(ξ) = −fˆ0ξξ − Π2αgfˆ0 − Λ22fˆ0. (4.31)
Now, taking into account (4.30), the boundary conditions are written as follows:
2φ2η + (2β
2 − Λ20)ψ12 = ± H1(ξ), η = ± 1, (4.32)
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(2β2 − Λ20)φ2 + 2β2ψ12η = H2(ξ), η = ± 1, (4.33)
with
H1(ξ) = G1(ξ)− F2(ξ) sin(Π), H2(ξ) = G2(ξ)− 2F1(ξ) cos(Πγ),
G1(ξ) = αgΠγf0 sin(Πγ)− αgβ2fˆ0 sin(Π) + fˆ0ξξ sin(Π),
G2(ξ) = (1− 2γ2)(αgΛ20 + Λ22)f0 cos(Πγ) + (2f0ξξ − β2αgfˆ0)Π cos(Π). (4.34)
The symmetric solutions to eq. (4.30) are:
φ2η = q1(ξ) cos(Πγη) +
F1(ξ)
2Πγ
η sin(Πγη),
ψ12η = q2(ξ) sin(Πη)− F2(ξ)
2Π
η cos(Πη), (4.35)
where q1 and q2 are defined from the system of equations:
Mq = B, with det(M) = 0, (4.36)
where
M =
(
2Πγ sin(Πγ) −(2β2 − Λ20) sin(Π)
(2β2 − Λ20) cos(Πγ) 2β2Πcos(Π)
)
, q =
(
q1
q2
)
,
B =
 H1 − F1 { sin(Πγ)Πγ + cos(Πγ)}+ (2β2 − Λ20) F22Π cos(Π)
H2 − (2β2 − Λ20) F12Πγ sin(Πγ) + F2β2
{
cos(Π)
Π
− sin(Π)
} (4.37)
The condition of solvability, and some algebra, leads to an ordinary differential equation
for f0:
− c1
c3
f0ξξ − c2
c3
αgf0 = Λ
2
2f0. (4.38)
This equation then encapsulates whether trapping can occur or not. There are some coeffi-
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cients within this equation
c1 =
2β2(Π2 +Π2γ)
ΠΠγ
+ κ1 − κ2 − 2κ3 + Λ20κ4,
c2 = 4β
2ΠγΠ− (2β2 − Λ20)[2Πγ + Λ20(1− 2γ2)] tan(Π) cot(Πγ) + Π2γκ1 − Π2κ2,
c3 =
2β2(γ2Π2 +Π2γ)
ΠΠγ
+ γ2κ1 − κ2 − κ3 + β2κ4,
κ1 = 2β
2Πcot(Πγ)− (2β
2 − Λ20)2
2Πγ
tanΠ, κ2 =
4Πγβ
2
sin(2Π)
,
κ3 = (2β
2 − Λ20) tan(Π) cot(Πγ), κ4 =
4ΠΠγ
2β2 − Λ20
. (4.39)
An analogous analysis holds for the antisymmetric solution and the final result, i.e the ODE
coefficients, are given in Appendix C.
For completeness we note that one can continue the expansion and identify higher order
terms and this is useful if one wants an expression for the stresses or displacements beyond
leading order. Thus, we complete the order 2 expansion by taking the equations for ψ22
and ψ32:
ψ22ηη +Π
2ψ22 = 0, ψ32ηη +Π
2ψ32 = 0, ψ11ξ + ψ22 + ψ32η = 0, (4.40)
with boundary conditions
Π2ψ22 − β2ψ32η = −2φ1ξη − β2ψ11ξ. (4.41)
Symmetric and antisymmetric parts correspond to
ψ22(ξ, η) = h2(ξ)
 sin(Πη)cos(Πη)
 , ψ32 = hˆ2(ξ)
 cos(Πη)sin(Πη)
 . (4.42)
Eq. (4.40) and the boundary conditions give a system of equations for h2 and hˆ2. These
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equations are
hˆ2Π− h2 = fˆ1ξ, hˆ2β2Π+ h2Π2 = 2Πγf1ξ sin(Πγ)
sin(Π)
− β2fˆ1ξ, (4.43)
for the symmetric case and
hˆ2Π+ h2 = −fˆ1ξ, −hˆ2β2Π+ h2Π2 = −2Πγf1ξ cos(Πγ)
cos(Π)
− β2fˆ1ξ, (4.44)
for the antisymmetric case.
4.3 Discussion of trapping and numerical results
Overall, the mathematical and physical explanation of trapping in two-dimensional topo-
graphically guided plates was given in [49, 92]. In the limit as β → 0 the current problem
reduces to that in [92]. The same arguments hold here and we will point them out briefly;
we consider the symmetric case in detail. For convenience let us write down (4.38) in the
following general form:
Cf0ξξ −Dαgf0 = Λ22f0, (4.45)
(in our case C = −c1/c3 and D = c2/c3). Notably as Λ22 is the correction to the squared
frequency it can be negative. There are two possibilities for this equation to have exponen-
tially decaying solutions:
1. C < 0 and Dα > 0
2. C > 0 and Dα < 0
where the signs of C and D depend on the choice of Λ0, β and γ. Similar to the two-
dimensional case, a Taylor expansion of the 3D dispersion relation for small kx leads to the
connection
vgx = − C
Λ0
kx, (4.46)
thus, vgx and C have opposite signs and trapping can be equivalently explained from the
point of view of the sign of group velocity in the x−direction, vgx. One useful application
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of long-wave theory is that it allows us to approximate the dispersion relation for a flat plate
in the vicinity of cut-off frequencies (kx ¿ 1) directly, without knowing the full dispersion
relation and thus it can be used to analyse dispersion relations in this limit when the full
relation is either unwieldy or unknown [60, 59]. Here, if we take α = 0 (which corresponds
to a flat plate) in equation (4.45) then posing a solution in the form f0 = exp(ikxx) gives
us the approximation around cut-off frequencies as:
kx =
√√√√[( ω
cT
)2
− Λ20
]
c3
c1
. (4.47)
We illustrate this in Fig. 4.2 where we show the dispersion curves (dependence between kx
and ω) for four fixed values of β. Dotted lines represent solutions to the “exact” dispersion
relation, dashed line - dispersion curves obtained from ODE for small kx. It is worth noting
that for β less than some particular value, let us call it the critical value βc, the second mode
has a negative group velocity (C > 0), but for greater values this group velocity changes
sign to become positive (or the coefficient C becomes negative). This critical value can be
found numerically from the equation c1(βc,Λ0l, γ) = 0, where Λ0l corresponds to the lth
root of (4.16). In our case, for instance, for l = 2 and γ = 0.547, βc = 0.8501. We plot
C and D against β in Fig. 4.3 to illustrate how they change sign. For the first branch, the
coefficient D becomes complex when β > γΛ0.
We now summarize the conditions for trapping:
1. Positive α (‘weld’).
If β < βc then for the second branch of (4.16), C > 0 (vgx < 0) and Dα > 0
therefore no trapping occurs. For the third branch of (4.16), C < 0 (vgx > 0) and
Dα > 0 and the third mode in x-direction becomes trapped.
If β > βc then for the second and third modes, C < 0 (vgx > 0) and Dα > 0,
therefore these modes become trapped. Thus, for positive values of α, modes with
positive group velocity become trapped in the area of maximum thickness.
2. Negative α (depression).
If β < βc, then for the second branch of (4.16), C > 0 (vgx < 0) and Dα < 0,
therefore trapping takes place. For the third branch of (4.16), C < 0 (vgx > 0) and
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Figure 4.2: First four symmetric dispersion curves for different values of β (dotted line)
and their approximation about cut-off frequencies obtained from eq.(4.47) (dashed line).
The greater the β the better the approximation.
Dα < 0 therefore no trapping can be expected.
If β > βc, then for the second and third modes, C < 0 (vgx > 0) and Dα < 0 and
no trapping takes place. Thus, for negative values of α, modes with negative group
velocity become trapped. The second mode can become trapped only for β < βc.
We now cross-verify the numerical values of the frequencies obtained from the asymptotics
with those from a direct numerical scheme applied to (4.8); they are solved with a Newton-
Kantorovich method. In Table 4.1 and Fig. 4.4 we present the comparison of these values
and the relative error. The number m correspond to the number of half-oscillations in
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Figure 4.3: The dependence of C (solid lines) and D (dashed lines) on β for the second,
third and fourth branches of (4.16), (γ = 0.547).
Table 4.1: The comparison of eigenvalues generated by the Newton-Kantorovich method
and the asymptotic scheme.
β l m Newton-Kantorovich scheme Long wave theory Relative error
2 1 2.664538 2.662668 0.7× 10−3
2 2 2.676019 2.673340 1.0× 10−3
2 3 2.685872 2.682435 1.2× 10−3
1 2 4 2.693171 2.689770 1.2× 10−3
2 5 2.696888 2.694999 0.7× 10−3
3 1 3.793674 3.795942 0.6× 10−3
3 2 3.814604 3.816988 0.6× 10−3
3 3 3.825427 3.827390 0.5× 10−3
0.3 3 1 3.227467 3.226686 0.2× 10−3
3 2 3.251339 3.253112 0.5× 10−3
the x−direction and l is a number of branch of the eq. (4.16). In our calculations we
take α = π, γ = cT/cL = 0.547 (which corresponds to steel). In figure 4.4 we show
the potentials φ0 (the plot for ψ10 is similar) obtained by the asymptotic and the Newton-
Kantorovich method; the asymptotic scheme clearly captures the form and magnitude of
the trapped wave.
4.4 Concluding remarks
It is clear that localised waves can be found that propagate along welds, moreover due to
their strong localisation they should be ideal for the non-destructive evaluation of welds.
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Figure 4.4: Upper panel: φ0 as a function of x (for fixed η = 0.8) generated by asymptotic
and direct numerical method; lower panel: φ0 as a function of x and z generated with
Newton-Kantorovich scheme.
There are several natural questions that arise - how robust are these waves to variations
within the weld region. Also mathematically, we have demonstrated the waves exist asymp-
totically and numerically, but that is not the same as proving rigorously the existence of
trapped modes in this structure and that too awaits further work.
4.5 Appendix A: 3-dimensional stresses
In terms of the displacement potentials φ, ψ1, ψ2 and ψ3 components of the stress tensor
are written as
τ11
μ
= γ−2Lφ− 2∂
2φ
∂z2
+ 2β2φ− 2 ∂
2ψ2
∂x∂z
− 2β2∂ψ3
∂x
,
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τ13
μ
=
τ31
μ
= 2
∂2φ
∂x∂z
+ β2
∂ψ1
∂x
+
∂2ψ2
∂x2
− ∂
2ψ2
∂z2
− β2∂ψ3
∂z
,
τ21
μ
= iβ
[
2
∂φ
∂x
+
∂2ψ1
∂x∂z
− ∂ψ2
∂z
− ∂
2ψ3
∂x2
− β2ψ3
]
,
τ23
μ
= iβ
[
2
∂φ
∂z
+
∂2ψ1
∂z2
+ β2ψ1 +
∂ψ2
∂x
− ∂
2ψ3
∂x∂z
]
,
τ33
μ
= γ−2Lφ− 2∂
2φ
∂x2
+ 2β2φ+ 2β2
∂ψ1
∂z
+ 2
∂2ψ2
∂x∂z
,
where λ and μ are the Lame´ elastic constants, γ = cT/cL = μ/(λ+ 2μ).
4.6 Appendix B: 3-dimensional stresses in (ξ, η)-coordinate system
h2
μ
τ11 = γ
−2Lφ− 2∂
2φ
∂η2
+ 2β2h2φ− 2β2h
[
h
∂ψ3
∂ξ
− ηhξ ∂ψ3
∂η
]
− 2Zψ2,
h2
iβμ
τ13 = 2Zφ+ β2h
[
h
∂ψ1
∂ξ
− ηhξ ∂ψ1
∂η
]
+ Lψ2 − 2∂
2ψ2
∂η2
+ β2h2ψ2 − β2h∂ψ3
∂η
,
h2
iβμ
τ21 = 2h
[
h
∂φ
∂ξ
− ηhξ ∂φ
∂η
]
+ Zψ1 − h∂ψ2
∂η
− Lψ3 + ∂
2ψ3
∂η2
− 2β2h2ψ3,
h2
iβμ
τ23 = 2h
∂φ
∂η
+
∂2ψ1
∂η2
+ β2h2ψ1 + h
[
h
∂ψ2
∂ξ
− ηhξ ∂ψ2
∂η
]
− Zψ3,
h2
μ
τ33 = (γ
−2 − 2)Lφ+ 2∂
2φ
∂η2
+ 2β2h
∂ψ1
∂η
+ 2Zψ2.
4.7 Appendix C: The coefficients for the ODE for the anti-symmetric
case
c1 = −
2β2(Π2 +Π2γ)
ΠΠγ
+ κ1 − κ2 + 2κ3 − Λ20κ4,
c2 = −4β2ΠγΠ+ (2β2 − Λ20)[2Πγ + Λ20(1− 2γ2)] tan(Πγ) cot(Π) + Π2γκ1 − Π2κ2,
c3 = −
2β2(γ2Π2 +Π2γ)
ΠΠγ
+ γ2κ1 − κ2 + κ3 − β2κ4,
κ1 = 2β
2Πtan(Πγ)− (2β
2 − Λ20)2
2Πγ
cotΠ, κ2 =
4Πγβ
2
sin(2Π)
,
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κ3 = (2β
2 − Λ20) tan(Πγ) cot(Π), κ4 =
4ΠΠγ
2β2 − Λ20
.
4.8 Appendix D: Out-of-plane problem
a) Formulation
The geometry of the problem is the same as in Fig. 4.1. The displacement function
uˆ(x, y, z) satisfies three-dimensional wave equation:
uˆxx + uˆyy + uˆzz − 1
c2
uˆtt = 0, (4.48)
where c is a constant wave speed and the subscripts denote partial derivatives with respect
to the corresponding variable. We will study time-harmonic motion and assume that the
displacement function takes the following form
uˆ(x, y, z) = u(x, z)ei(βy−ωt), (4.49)
where β is the angular wavenumber and ω is the angular frequency. This form reduces (4.48)
to:
uxx + uzz + k
2u = 0, (4.50)
where k2 = kˆ2−β2, kˆ2 = ω2/c2. Below, the time-harmonic factor e−iωt will be suppressed.
We assume two types of homogeneous boundary conditions on the both surfaces of the
waveguide. We have either Dirichlet boundary conditions:
u(x,±h) = 0, (4.51)
or Neumann boundary conditions:
− hxux + uz = 0, z = ±h, (4.52)
where h = h(x) = 1 + 0.5 2αe−(x)2 .
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Let us introduce new variables
ξ = x, η =
z
h(ξ)
. (4.53)
This mapping conveniently transforms our domain into an infinite flat layer thereby consid-
erably simplifying the boundary conditions (and boundary position to −1 ≤ η ≤ 1) whilst,
on the other hand, making the governing equations more complicated. Now, we can rewrite
equation (4.50) in the following form:
2uξξ +
1
h2
uηη − 22ηhξ
h
uξη+
2
{
η2
(
hξ
h
)2
uηη + η
[
2
(
hξ
h
)2
− hξξ
h
]
uη
}
+ k2u = 0 (4.54)
with boundary conditions
u(x,±1) = 0 (4.55)
or
− 2hξ (huξ − ηhξuη) + uη = 0, η = ±1. (4.56)
Equation (4.54) together with boundary conditions (4.55) or (4.56) constitute the eigen-
value problem where k (or, to be exact, k2) plays a role of an eigenvalue. Our aim is to find
values of k2 and corresponding solutions of (4.54) which satisfy boundary conditions (4.55)
or (4.56) and condition that
u→ 0 as ξ → ±∞. (4.57)
These solutions will correspond to trapped modes with frequency ω =
√
c2(k2 + β2).
b) Long-wave scheme
To obtain the approximate solution of (4.54) we will assume the following asymptotic
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expansions
u(ξ, η) = u0(ξ, η) + u1(ξ, η) + 
2u2(ξ, η) + . . . (4.58)
k2 = λ20 + λ
2
1 + 
2λ22 + . . . . (4.59)
Here λ0 = πn2 , where n is odd for the symmetric solution and even for the antisymmetric so-
lution of a straight waveguide. Substituting the representation (4.58) and (4.59) into (4.54)
and equating the coefficients of individual powers of , we obtain the hierarchy of ordinary
differential equation which can be solved by usual methods. We will take only the first
three terms of the expansions and will be interested in terms up to O(2).
Let us firstly consider Dirichlet boundary conditions at the surface of the waveguide.
Note that hξ and hξξ are of order 2. The first equation of the hierarchy is
u0ηη + λ
2
0u0 = 0, (4.60)
with boundary conditions:
u0(ξ,±1) = 0 (4.61)
The problem (4.60)-(4.61) has two families of solution: symmetric and antisymmetric with
respect to the centerline η = 0. The symmetric solution is
u0(ξ, η) = f
s
0 (ξ) cos(λ0η), λ0 =
π(2n− 1)
2
, n = 1, 2, . . . , (4.62)
and the antisymmetric solution is
u0(ξ, η) = f
a
0 (ξ) sin(λ0η), λ0 = πn, n = 1, 2, . . . , (4.63)
where f s0 (ξ) and fa0 (ξ) are unknown and to be determined (the subscripts ’s’ and ’a’ denote
the symmetric and antisymmetric cases respectively). These solutions correspond to those
in a straight waveguide and the values of λ0 are satisfied automatically.
The order  equation is
u1ηη + λ
2
0u1 = −λ21u0, u1(ξ,±1) = 0. (4.64)
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Let us firstly consider the symmetric case:
u1ηη + λ
2
0u1 = −λ21f s0 cos
(
π(2n− 1)
2
η
)
. (4.65)
For the solution to the equation (4.65) to exist the solution of the corresponding homoge-
neous equation uhom1 must satisfy the solvability condition
λ21f
s
0
∫
uhom1 (η) cos
(
π(2n− 1)
2
η
)
dη = 0, (4.66)
which leads to λ1 = 0 and the solution to the equation (4.65) is
u1(ξ, η) = f
s
1 (ξ) cos
(
π(2n− 1)
2
η
)
, (4.67)
where f s1 (ξ) is unknown. The same analysis holds for the antisymmetric case and gives
u1(ξ, η) = f
a
1 (ξ) sin(πnη). (4.68)
The order 2 equation is
u2ηη + λ
2
0u2 = −[∂ξξ + λ22 + αλ20g(ξ)]u0, u2(ξ,±1) = 0. (4.69)
In the symmetric case the equation (4.69) can be rewritten as
u2ηη + λ
2
0u2 = −
[
f s0ξξ + λ
2
2f
s
0 + α
(
π(2n− 1)
2
)2
g(ξ)f s0
]
cos
(
π(2n− 1)
2
)
(4.70)
and the solvability condition gives the following ordinary differential equation for f s0 (ξ):
− f s0ξξ − α
(
π(2n− 1)
2
)2
g(ξ)f s0 = λ
2
2f
s
0 . (4.71)
In the antisymmetric case the solvability condition for the equation
u2ηη + λ
2
0u2 = −[fa0ξξ + λ22fa0 + α (πn)2 g(ξ)fa0 ] sin(πnη) (4.72)
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gives the following ODE:
− fa0ξξ − α(πn)2g(ξ)fa0 = λ22fa0 . (4.73)
The Neumann boundary conditions on the surfaces leads to the following equation
− f s0ξξ − α(πn)2g(ξ)f s0 = λ22f s0 . (4.74)
in the symmetric case and equation
− fa0ξξ − α
(
π(2n− 1)
2
)2
g(ξ)fa0 = λ
2
2f
a
0 . (4.75)
in the antisymmetric case.
Generally, the equations (4.71), (4.73), (4.74) and (4.75) have to be solved numerically
to find f s0 and fa0 and these solution will determine the leading order behavior of the dis-
placement function.
c) Numerical solution
Note that in (4.71), (4.73), (4.74) and (4.75) the coefficients in front of f0ξξ are equal to−1.
Therefore, according to the conditions of existence of trapped modes, see Table 2.1, we can
conclude that for acoustic waves trapping only possible in thickened plates, in plates with
a depression trapping doesn’t take place, see Fig.4.5.
In our calculations we assume the following symmetry and boundary conditions
a) u(ξ, η) = −u(−ξ, η), u(ξ,±1) = 0;
b) u(ξ, η) = u(−ξ, η), u(ξ,±1) = 0;
c) u(ξ, η) = −u(−ξ, η), uη(ξ,±1) = 0;
d) u(ξ, η) = u(−ξ, η), uη(ξ,±1) = 0
and take α = π and  = 0.1. The ODEs originated from the asymptotic method are also
solved numerically using the Laguerre scheme and then the result was compared with the
full numerical solution. Table 4.2 presents the eigenvalues generated by the asymptotic
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trapping
no trapping
Figure 4.5: Trapping in 3D acoustic plates with a “weld”/depression.
l m ksp klw
1 1 1.55410 1.55369 (2.6× 10−4)
1 2 1.56631 1.56616 (9.5× 10−5)
2 1 3.10121 3.10023 (3.1× 10−4)
2 2 3.11626 3.11561 (2.0× 10−4)
2 3 3.12851 3.12810 (1.3× 10−4)
2 4 3.13742 3.13720 (7.0× 10−5)
3 1 4.64791 4.64637 (3.3× 10−4)
3 2 4.66384 4.66265 (2.6× 10−4)
3 3 4.67801 4.67710 (1.9× 10−4)
3 4 4.69027 4.68960 (1.4× 10−4)
3 5 4.70039 4.69992 (1.0× 10−4)
3 6 4.70799 4.70771 (5.9× 10−5)
Table 4.2: The comparison of eigenvalues generated by the full numerical scheme (ksp) and
the long-wave theory (klw).
schemes in comparison with ”exact” values for Dirichlet boundary conditions at ξ = 0.
We call ”exact” values those eigenvalues obtained from the full numerical scheme with
N = 16 andM = 26 which gives us at least 10-digit accuracy. Numbersm and l represent
the number of half-oscillations in ξ and η directions respectively, therefore each eigenmode
can be identified by two numbers (l, m). The relative error shown in parenthesis shows a
very good approximation that the asymptotic method gives. At the same time, time which
is required for calculation of the solution to ODE is much less than the time required to
solve the original equation of motion.
In figure 4.6 the displacement u is shown as a function of variable x for η = 0.5.
Displacements generated by the spectral method and the long-wave theory are almost in-
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Figure 4.6: Eigenfunction generated by the full spectral scheme (solid line) and the long-
wave theory (dashed line) (α = π,  = 0.1).
distinguishable. Figure 4.7 illustrates the same eigenfunctions as functions of x and z.
Figure 4.8 demonstrates the relative error of Laguerre discretization in calculating eigen-
values (1, 1) and (4, 3). In this picture we define the ”exact eigenvalues”, those obtained
with 12-digit accuracy. Mode (1, 1) is well-resolved on just 15 points of Laguerre grid,
however mode (4, 3) oscillating more rapidly in ξ-direction requires 30 points.
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Figure 4.8: Relative error as a function of the size of the Laguerre grid for (1,1) and (4,3)
modes (M = 16, α = π,  = 0.1).
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Chapter 5
The PML technique for acoustic and
elastic waveguides
5.1 Introduction
Waves in bent or deformed geometries are difficult to treat unless the geometry has some
simplifying features. As an initial step we will construct a numerical scheme that allows us
to find the frequency domain solutions for a deformed acoustic guide. To mimic the guide
stretching out to infinity a perfectly matched layer (PML) method is implemented and this
chapter describes the details of the implementation for non-straight guides.
The PML technique was invented in 1994 by Berenger [10] for the simulation of un-
bounded regions in electromagnetic problems and was originally implemented in a Carte-
sian coordinate system. In numerical simulations, if the domain of interest in which waves
propagate is unbounded along one (or more) coordinates, calculation time and compu-
tational resources become an important issue. Berenger’s technique is used to mimic a
certain region of a domain where it is necessary to avoid reflection from the boundary.
The idea of this method is to construct an artificial layer that completely absorbs the inci-
dent wave and effectively reduces required computer memory. The incident wave travels
through the interface between a physical material and the PML without any reflection and
the wave reflected from the boundary within PML has a very small amplitude and there-
fore can be neglected. In [10] Berenger first implemented his technique for the reduced
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Maxwell equations, which is a system of first order equations, described the properties of
PML and illustrated this technique using finite-difference method for a time domain. Un-
like already existing absorbing boundary conditions [31, 54], Berenger’s PML does not
depend on a frequency or an incident angle. In [11] the PML method was extended to the
3D case and [12] offered a few improvements in computational grid and reduced reflec-
tion from the boundary inside a PML. Since 1994, the original paper has been cited more
than a thousand times and this technique has been applied in many different areas of wave
propagation. We will give a very brief overview of this literature as the exhaustive list of
publications is almost impossible within the scope of this thesis.
There exists a considerable literature in electromagnetism devoted to improving the
performance of the method, absorbing evanescent waves and reducing the number of un-
knowns involving in the scheme (see, for instance, [114, 13, 38, 112]). Acoustic fluid PML
was developed by Maloney & Cummings [71] and Qi & Geers [95] who adapted the PML
technique to computational acoustics and analysed the performance of the method for wave
radiation by a spherical surface. The scalar Helmholz equation was studied without reduc-
ing it to a system of first order equations in [9, 101]. In elasticity the great efficiency of
PML has also been shown, see, for instance, Hastings, Schneider & Broschat [51], im-
plementation of the method in time-harmonic elastodynamics by Basu & Chopra [8] and
application of the method for anisotropic media by Collino & Tsogka [23]. A recent paper
by Skelton, Adams & Craster [102] presents a modified PML technique for the propaga-
tion of negative group velocity waves in the frequency domain and discusses a traditional
finite-difference implementation of the method as well as a spectral numerical approach.
Additionally, Teixeira & Chew [107], Liu & He [69], Liu [68] have extended the principle
of a perfectly absorbing layer to cylindrical and spherical coordinates.
The idea behind a PML is the following. Let the non-reflecting boundary inside the
considered domain be perpendicular to the x-axis for definiteness. We assume that a time-
harmonic plane wave propagates with frequency ω in a physical region towards the bound-
ary x = 0 and that it has a displacement of the form
u(x, z, t) = Ue−iωteiω(x cosφ+z sinφ), x < 0. (5.1)
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then in the PML region, x > 0, the wave displacement is written as
u(x, z, t) = U exp(−iωt) exp
[
iω(x cosφ+ z sinφ)− cosφ
∫ x
0
α(s)ds
]
, x > 0,
(5.2)
where the function α is chosen so that the wave decays exponentially as x increases. At
x = 0 equations (5.1) and (5.2) are identical, i.e. the wave in the physical region is per-
fectly matched with the wave in the PML at the interface. With an appropriate choice of
α the wave in the PML region decays very rapidly and therefore suffers no reflection. The
displacement function in PML satisfies a “modified” equation of motion which is obtained
by the following change of variables:
x→ x+ i
ω
∫ x
0
α(s)ds, (5.3)
therefore, differentiation ∂/∂x in the physical region is equivalent to 1
S(x)
∂/∂x in the PML,
where
S(x) = 1− α(x)
iω
.
Therefore, the propagating wave inside the physical region perfectly matches the wave
inside the PML at the boundary x = 0 and exponentially decays for x > 0. The wave
suffers no reflection except from the PML boundary where the reflected wave amplitude is
so insignificant that it can be easily neglected. This amount of reflection can be controlled
by the choice of function α and the depth of PML. The new ’modified’ equation of motion
inside the PML does not have a physical meaning – this is not important since we are
interested only in propagation in the physical domain.
This chapter continues the investigation of the PML technique for wave propagation
in acoustic and elastic waveguides and the object of the study is, again, two types of non-
uniform waveguides – a bent plate and a plate with thickness variation and a common
geometry - an annulus.
The first two sections focus on acoustic guides that have a local perturbation in thick-
ness or curvature in the vicinity of point x = 0 and flatten out as the longitudinal coordinate
x → ±∞. The wave propagation is time-harmonic, i.e. all unknown functions (displace-
ments, velocities or stresses) have the form F (x1, x2, t) = Fˆ (x1, x2)e−iωt. The energy
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of the wavefield is calculated for a single frequency and the solution can be used in subse-
quent Fourier synthesis to find a time-domain solution. The subject of the investigation is a
motion described by the displacement component normal to the plane (antiplane shear de-
formation, or an “acoustic” problem). In the case of homogeneous, isotropic, linear media
stress components τ31 and τ32 are defined by Hooke’s law as
τ3j = μ
∂u3
∂xj
, j = 1, 2, (5.4)
and the normal displacement component u3(x1, x2, t) satisfies the scalar wave equation:
μ
∂2u3
∂x2j
+ ρf3 = ρ
∂2u3
∂t2
, (5.5)
where μ - an elastic constant, ρ - the mass density and f3 - the body force per unit mass.
The governing equation is solved in the region of geometry variation and PMLs are
used at both sides to model infinity. As was shown in the previous chapters, these guides
possess an interesting, but often undesirable, property that they localize energy in the area
of curvature or thickness perturbation. This is possible at precise frequencies which can
be calculated using a long-wave theory. The numerical method employed in this chapter is
based on finite differences and shows good agreement with the results obtained previously
for propagation of waves in non-uniform structures.
A common requirement within an acoustic or elastic guiding problem is the identifi-
cation of dispersion curves. These curves characterise the dependence of wavenumber on
frequency and identify critical features such as cut-off frequencies below which modes do
not propagate. The second part of this chapter concentrates on developing a new algo-
rithm for plotting dispersion curves for layered structures and/or structures immersed in
infinite media; PML is the natural way to incorporate the infinite domain now within the
context of an eigenvalue problem. Conventional techniques involve root finding with, say,
Newton-Raphson iteration or bisection routine, and these techniques of tracking a mode
are used within commercial codes such as DISPERSE [85, 70, 84]. However, for multi-
layered or curved domains, or inhomogeneous media these techniques become unwieldy.
The purpose of the second part of this chapter is to outline an alternative spectral method
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in enough detail that it can be adjusted or modified easily by an end-user, and to that end
a sample MATLAB code is also included. Some technical tricks are also required to deal
with the origin, which is an artificial singularity, and these details are also covered.
As an illustrative example, a commonly occurring geometry of an annulus, is consid-
ered. This type of geometry finds a lot of application in such areas as defect detections and
corrosion detection in water, underwater and underground pipes and coatings. An elastic
annulus can be considered as a waveguide with waves propagating in the circumferential
direction due to reflection between the inner and outer boundaries. These waves are dis-
persive, but, unlike in a flat plate, dispersion curves in an annulus cannot be separated into
symmetric and antisymmetric pieces due to the curvature. A detailed investigation of the
dispersion curves in a circular elastic annulus with traction-free boundary conditions has
been carried our by Liu & Qu [67] in a case of circumferential wave propagation. The
wave equations in polar coordinates reduce to Bessel’s equations, therefore, the analytic
dispersion relation and expressions for displacement profiles involve Bessel’s functions of
the first and second kind [1]. The roots of the analytic dispersion relation are the roots of
4 × 4 determinant that appears to be somewhat cumbersome, and an effective technique
for finding these roots is presented in [3]. Extensions of this approach to layered media
with simple interfacial conditions are possible. For instance, Valle et al. [111] studied
circumferential time-harmonic waves in a cylinder containing an inner shaft. The inter-
face conditions are taken free-sliding, the analytical dispersion relation is derived and the
real-valued roots are calculated employing the bisection method.
A more general example treated here is an elastic annulus which has a fluid inside
and vacuum outside and an elastic annulus immersed in fluid. In the first case the outer
fluid is taken to have negligible effect and the outer boundary is chosen to be traction-free.
Traction-free conditions at the outer boundary and continuity conditions at the interface
between the annulus and the fluid result in an analytical dispersion relation. This relation
is presented in Appendix A; it is a 5 × 5 determinant filled with Bessel functions and one
has to question whether it is worth having an explicit dispersion relation in this form. This
relation is difficult to deal with using a root-finding, say, bisection, method since it requires
a significant amount of time especially when the solution to the characteristic functions
oscillates rapidly and the domain includes two or more regions with different physical
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properties. The roots of the dispersion relation are often an essential building block for
applications and one wants the facility to quickly see how changes in, say, one parameter
affect the curves. To facilitate this, a different approach based on a spectral method is
presented. It is only recently that this approach has been advocated [3] and as such it is not
well-known. It has been picked up the seismological community and is being implemented
to calculate dispersion relations for guided waves along the interior of fluid filled boreholes
[61].
To calculate dispersion curves for an annulus immersed in infinite fluid we need to intro-
duce an artificial non-reflecting boundary to the numerical scheme and a PML is a perfect
way to do that. Traditionally PML was used in finite-difference or finite element simu-
lations; here we introduce a new numerical scheme representing a synthesis of a spectral
and PML technique. Our aim is to determine complex wavenumbers for each value of real
frequency. In elasticity, especially in problems of wave propagation in layered media, the
usual approach of deriving transcendental equations becomes cumbersome and traditional
root-finding techniques are inefficient. Moreover, working in the complex plane makes
the problem of finding eigenvalues more complicated since such methods as the bisection
method or Newton methods require bracketing the roots or an initial guess(es) whose lo-
cation is not obvious. A step-by-step root-finding method, when the initial guess for a
value ωk+1 is a root calculated on the previous step for ωk, also becomes time-consuming.
The spectral method applied to the equations of motion and interface conditions allows
the wavenumber to be determined directly in the complex plane without any initial guess
reducing the problem to a generalized matrix eigenvalue problem which is consequently
solved by MATLAB routine eig(A,B).
This chapter is organised as follows. First, a PML is applied to an acoustic bent plate
and a plate with thickness variation. For each type of waveguide we briefly outline the
geometry and write out the governing equations. A detailed explanation of the finite-
difference scheme and its implementation in MATLAB is then given for a bent guide. For
the waveguide with thickness variation the finite-difference scheme is similar and we de-
scribe it briefly. Further, some numerical results for different types of boundary conditions
are provided and the results are compared with those obtained in previous chapters. Then,
a statement of the problem for an elastic annulus filled with fluid is given and the spectral
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Figure 5.1: a) The geometry of a bent guide; b) a schematic representation of the computa-
tional domain.
scheme for plotting dispersion curves is described in detail. After that, a more general nu-
merical algorithm for constructing dispersion curves for an annulus immersed in infinite
fluid is described. Illustrative numerical calculations are presented for a steel annulus and
water.
5.2 Curvature variation
5.2.1 Statement of the problem
Let us first describe an application of the PML method to a bent guide. The geometry in
the Cartesian coordinate system is shown in Fig. 5.1a). In the coordinate system (σ, η) the
Laplacian takes the form:
Δ = κ2∂σσ + ∂ηη + κ
3δσση∂σ − κδσ∂η, κ = (1− δση)−1, (5.6)
and the displacement function u3(σ, η) satisfies the following scalar wave equation:
Δu3 + k
2u3 = F3, (5.7)
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where k = ω/c is the bulk wavenumber, F3 = −f3/c2, f3(σ, η) is a body force per unit
mass and c is a constant wavespeed. F3(σ, η) is used to describe a displacement excita-
tion in the interior of the physical domain. Alternatively, an excitation of stresses at the
boundaries can be used. The following conditions are prescribed at the boundaries:
∂u3
∂η
= g3, at η = −1; u3 = u30, at η = 1, (5.8)
where g3(σ) and u30(σ) are a given stress and displacement.
In the new coordinate system (σ, η) the waveguide is transformed into a rectangular
domain. The physical material occupies the region −L1 ≤ σ ≤ L1, −1 ≤ η ≤ 1 and to
mimic infinity we place thin layers of PML at both sides between L1 and L2 (see Fig.5.1b)).
Since the waveguide flattens out with distance from the curvature perturbation, the PML
equations as formulated for a rectangular region can be used at the ends. Transformation
(5.3), applied to the coordinate σ, leads to the following modified equation for PML:
1
S2
∂2u3
∂σ2
− S
′
S3
∂u3
∂σ
+
∂2u3
∂η2
+ k2u3 = 0. (5.9)
The following boundary conditions are taken within the PML:
u3 = 0 at σ = ±L2; (5.10)
∂u3
∂η
= 0 at η = −1, (5.11)
u3 = 0 at η = 1. (5.12)
5.2.2 Finite difference scheme
The numerical solution is based on the finite-difference method, i.e. each partial deriva-
tive appearing in the governing equations is replaced by an appropriate difference-quotient
approximation. We set up an equispaced grid of points of the form (is, js), where s is a
discretization step, i = 1..M, j = 1..N , and calculate the values of the unknown functions
in these points.
The computational grid for the problem is shown in Fig.5.2. The grid is equispaced, the
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Figure 5.2: Computational grid for finite-difference scheme
physical domain containsM ×N points and each PML region containsK×N points. It is
assumed that the points at the interface belong to the physical material (although, they can
also belong to the PML since the governing equations at the interface are identical). We
do not use the scaling factor , as doing this will slow down the calculations. A standard
centered-difference formula is used to approximate the second and first derivatives in the
interior of the computational domain:
u3σσ(i, j) =
u3(i− 1, j)− 2u3(i, j) + u3(i+ 1, j)
s2
+O(s2), (5.13)
u3ηη(i, j) =
u3(i, j − 1)− 2u3(i, j) + u3(i, j + 1)
s2
+O(s2), (5.14)
u3σ(i, j) =
u3(i+ 1, j) + u3(i− 1, j)
2s
+O(s2), (5.15)
u3η(i, j) =
u3(i, j + 1) + u3(i, j − 1)
2s
+O(s2). (5.16)
In the physical domain, conditions on the boundaries are incorporated into difference quo-
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tients in the following way:
u3ηη(i, 1) =
2{sg3(i)− u3(i, 1) + u3(i, 2)}
s2
+O(s2), (5.17)
u3ηη(i, N − 1) = u3(i, N − 2)− 2u3(i, N − 1) + u30(i)
s2
+O(s2), (5.18)
u3η(i, 1) = u3(i, N) = 0. (5.19)
Boundary conditions within the PML are written in a similar manner:
u
(1)
3σσ(2, j) =
−2u(1)3 (2, j) + u(1)3 (3, j)
s2
, (5.20)
u
(2)
3σσ(K − 1, j) =
u
(2)
3 (K − 2, j)− 2u(2)3 (K − 1, j)
s2
, (5.21)
u
(1)
3σ (2, j) =
u
(1)
3 (3, j)
2s
, u
(2)
3σ (K − 1, j) =
−u(2)3 (K − 2, j)
2s
, (5.22)
u
(l)
3ηη(i, 1) =
2{−u(l)3 (i, 1) + u(l)3 (i, 2)}
s2
, (5.23)
u
(1)
3η (i, 1) = u
(2)
3η (i, 1) = 0, (5.24)
u
(l)
3ηη(i, N − 1) =
{−u(l)3 (i, N − 2)− 2u(l)3 (i, N − 1)}
s2
, (5.25)
u
(l)
3η(i, 2) =
u
(l)
3η(i, 3)
2s
, l = 1, 2. (5.26)
Here u(1)3 and u
(2)
3 are displacements in the left and right PMLs respectively. Equations
(5.13)-(5.26) transform the functional form of the derivatives in the governing equation
into a set of algebraic equations and allows us to construct matrices D(1)σ , D(2)σ , D(1)η and
D
(2)
η such that:
u3σσ = D
(2)
σ u3, u3σ = D
(1)
σ u3, (5.27)
u3ηη = D
(2)
η u3, u3η = D
(1)
η u3, (5.28)
where u3 is a column vector of displacements in the grid points and the column vectors in
the left hand sides are discrete approximations of the corresponding derivatives. S and S ′ in
the PML equation can be calculated at each point and depend only on the coordinate σ and
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therefore can be included in these matrices. The fact that the problem is two-dimensional
brings additional complications to the implementation of the method and MATLAB has
useful tools to implement the finite-difference scheme correctly. To construct the whole
differentiation operator in MATLAB we need to construct the following matrix:
Dσσ = diag(A(:)) ∗ (D(2)σ ⊗ Iη) + diag(B(:)) ∗ (D(1)σ ⊗ Iη), (5.29)
where ⊗ denotes a Kronecker product of two matrices (see [108] for the details), Iη is
an N × N identity matrix and diag(A(:)) generates a matrix which has the elements of
the matrix A along the main diagonal and zeros elsewhere. Matrix A has κ2 in the points
corresponding to the physical domain and ones inside the PML and matrix B has κ3δσση
for the physical domain and ones elsewhere. Similarly
Dηη = Iσ ⊗D(2)η + diag(C(:)) ∗ (Iσ ⊗D(1)η ), (5.30)
where Iη is an (M+2K)×(M+2K) identity matrix and matrixC has−κδσ in the physical
domain and zeros elsewhere. Now, the problem can be written as a matrix equation:
Lu3 = F, (5.31)
where L = Dσσ +Dηη and F is a column vector whose elements are stresses and displace-
ments at the boundaries and/or components of the displacement excitation in the interior of
the domain.
5.3 Thickness variation
5.3.1 Statement of the problem
In this section an analogous numerical scheme for a waveguide with thickness variation
is considered. The geometry of the problem is the same as before (Fig.5.3). Under the
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Figure 5.3: The geometry of a guide with thickness variation
transformation η = z/h(x) the Laplacian operator takes the form:
Δ = ∂xx +
1
h2
∂ηη−2ηhx
h
∂xη+ (5.32){
η2
(
hx
h
)2
∂ηη + η
[
2
(
hx
h
)2
− hxx
h
]
∂η
}
and the displacement function satisfies the equation
Δu3 + k
2u3 = F3. (5.33)
The boundary conditions are as follows:
−hx
(
ux − ηhx
h
uη
)
+
1
h
uη = g3, at η = −1, (5.34)
u3 = u30, at η = 1, (5.35)
where g3 and u30 are given stress and displacement. Again, as for a bent guide, we assume
that the PML equation is applied to a rectangular domain and the following equation can
be used:
1
S2
∂2u3
∂x
− S
′
S3
∂u3
∂x
+
∂2u3
∂η2
+ k2u3 = 0. (5.36)
The boundary conditions in the PML are the same as for the bent plate case.
5.3.2 Finite difference scheme
The governing equation for a plate with thickness variation includes a mixed derivative
∂2u3/∂x∂η. The matrix form for this term can be obtained by the Kronecker product
of two matrices D(1)x and D(1)η . Therefore the matrix L in this case is written as L =
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Dxx +Dηη +Dxη, where
Dxx = diag(A(:))(D
(2)
x ⊗ Iη) + diag(B(:))(D(1)x ⊗ Iη), (5.37)
Dηη = diag(C(:))(Iσ ⊗D2η) + diag(F (:))(Iσ ⊗D1η), (5.38)
Dxη = diag(G(:))(D
(1)
x ⊗D(1)η ). (5.39)
Here matrices A, B, C, F and G are constructed similar to A, B and C for a bent plate.
5.4 Numerical results
In this section some numerical results for both waveguides with different types of boundary
conditions are presented. We consider steady state solutions and calculate kinetic energy
for fixed values of frequency.
In the numerical calculations the geometry of a bent waveguide is characterized by the
angle function
δ(σ) =
δ0
2
tanh(σ), (5.40)
where δ0 is the angle of the bend. Therefore the curvature function describing the centerline
is
δσ(σ) =
δ0
2
1
cosh2(σ)
, (5.41)
In calculations the angle δ0 is taken as π/2 and  = 0.4, so the maximum curvature of the
centerline is 0.3. The full length of the guide is 30. We need to choose the physical region
long enough to ensure that the guide is flat at the ends within a certain level of accuracy.
On the other hand calculations for very small values of  requires greater number of grid
points along the guide which leads to very expensive calculations.
The numerical computations are performed for a waveguide with two different types of
boundary conditions. In Fig. 5.4 the kinetic energy for four different values of frequency
is plotted for a bent guide which has Dirichlet boundary conditions at η = 1 and Neumann
boundary conditions at η = −1. In the finite difference scheme the numbers of points in
the grid are N = 17, M = 241, K = 8 and the discretization step is 0.125. A transducer
with a Gaussian distribution of the normal stress τ23 is placed at the boundary η = −1 and
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Figure 5.4: The kinetic energy for a bent guide with mixed boundary conditions,  = 0.4,
L1 = 15, N = 17, M = 241, K = 8, discretization step is 0.125.
Figure 5.5: The kinetic energy for a bent guide with Dirichlet boundary conditions,  =
0.25, L1 = 15, N = 17, M = 241, K = 8, discretization step is 0.125.
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x = −7:
τ23(σ,−1) = 0.5 exp[−2(σ + 7)2]. (5.42)
The function α must be chosen so that it provides an appropriate amount of decay within
the PML region and it is taken as a quadratic. For example, in the right half of the domain
α can be chosen as:
α(σ) = 20
(
σ − L1
L2 − L1
)2
, L1 ≤ σ ≤ L2, (5.43)
α(σ) = 0, 0 ≤ σ ≤ L1. (5.44)
The upper left panel in Fig.5.4 shows kinetic energy for the value of frequency 0.7. For
this small value no propagating modes exist and only the source at the point x = −7 can be
seen. In the lower left panel we demonstrate the effect of excitation of the plate at a resonant
frequency (ω = 0.77607) at which waves localise their energy in the area of the bend and
cut off as the plate becomes flat. Very clear localisation at this frequency can be observed.
In the two right panels the kinetic energy is plotted for higher values of frequency ω = 2
and ω = 9. In this case more modes propagate within the guide and the picture becomes
more complicated. We take a re-scaled curvature function δˆ = δ to show the effect of
trapping and trapping does not take place if we swap the boundary conditions (so that the
guide is bent in the direction of the Neumann boundary). All of this shows good agreement
with the results obtained earlier from long wave theory.
The kinetic energy for a bent guide whose both boundaries are rigid clamped (Dirichlet
type of boundary conditions) is shown in Fig. 5.5. The parameters in the computation are
the same as before, bar that this time  is taken 0.25, and we do not use a re-scaling of
the curvature function. The structure is excited by a Gaussian distribution of displacement
within the guide:
F3(σ, η) = 0.5 exp[−2{(σ + 7)2 + η2}]. (5.45)
Again, at the small value of frequency ω = 1.5 there are no propagating modes and only
the source of the excitation is observed within the guide (upper left panel). The excitation
at the resonant frequency ω = 1.5702, found from long-wave theory, leads to trapping in
the area of maximum curvature (lower left panel). The excitation at the higher frequencies
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ω = 2 and ω = 9 (the two right panels) shows a multi-modal propagation.
For the waveguide with variation in thickness the numerical results are presented for
the Gaussian shape function g(x) = e−(x)2 , α = π and  = 0.1. The kinetic energy for
a guide with Dirichlet boundary conditions is shown in Fig.5.6. The problem was solved
in the physical domain of length 20, grid points are N = 19, M = 251, K = 8 and
discretization step is 0.2. The displacement excitation of the form (5.45) is applied in the
interior of the physical domain at the same position as in the previous calculations. The
numerical results shown in Fig.5.6 is analogous to the two previous examples and, again,
the resonant frequency is ω = 1.5537 leads to a strong localisation in the area of thickness
variation. For accurate numerical solution the length of the physical region must be chosen
such that the waveguide becomes almost flat at x = ±L1. Increasing the value of  or α we
make the region of thickness perturbation longer and therefore are increasing the number
of grid points which again requires more time and computer resources.
5.5 Circular elastic annulus filled with fluid
5.5.1 Statement of the problem
Nowwe turn our attention to a different type of geometry - a circular annulus. In this section
an elastic annulus filled with acoustic fluid and surrounded by vacuum is considered. It is
worth considering this simple case first before we move on to the more general problem of
an annulus submerged in infinite fluid.
The annulus is made of homogeneous isotropic linearly elastic material. The thickness
of the annulus is h = b − a, where a and b are the inner and outer radius respectively. In
the elastic region we will study in-plane motion where the displacement of every particle of
medium lies in the coordinate plane and assume that waves propagate in the circumferential
direction. The method is readily generalised to include axial displacements too, but for
simplicity of presentation of the method we shall not do so. The fluid is assumed to be
inviscid and compressional. The geometry of the problem is shown in Fig. 5.7. In the polar
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Figure 5.6: Kinetic energy for a topographically varying waveguide with Dirichlet bound-
ary conditions,  = 0.1, L1 = 10, N = 19, M = 251, K = 8, the discretization step is
0.2.
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Figure 5.7: The geometry of the problem.
coordinate system (r, θ) the gradient and the Laplacian are written in the following form:
∇ =
(
∂
∂r
,
1
r
∂
∂θ
)
, Δ =
∂2
∂r2
+
1
r
∂
∂r
+
1
r2
∂2
∂θ2
. (5.46)
To deal with the interface conditions we use a potential representation of the governing
equations and unknown variables. The displacement potential for the fluid, φf , (uf =
∂φf/∂r) satisfies the wave equation:
Δφf =
1
c2f
∂2φf
∂t2
, (5.47)
where cf is the wave velocity in the fluid. The fluid pressure pˆ and the displacement poten-
tial are related via the bulk modulus B = c2fρf :
pˆ = −BΔφf . (5.48)
For in-plane motion inside the elastic annulus the governing equations are written in
terms of two scalar potentials:
Δφ =
1
c2L
∂2φ
∂t2
, Δψ =
1
c2T
∂2ψ
∂t2
, (5.49)
where cL =
√
(λ+ 2μ)/ρ and cT =
√
μ/ρ are the longitudinal and transverse wave
speeds respectively and λ and μ are Lame` constants. The relation between the displacement
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components u and v and the potentials is written as :
u =
∂φ
∂r
+
1
r
∂ψ
∂θ
, v =
1
r
∂φ
∂θ
− ∂ψ
∂r
, (5.50)
and the stress-displacement relations have the form:
τˆrr = λ
(
∂u
∂r
+
u
r
+
1
r
∂v
∂θ
)
+ 2μ
∂u
∂r
, τˆrθ = μ
(
∂v
∂r
− v
r
+
1
r
∂u
∂θ
)
. (5.51)
The outer boundary of the annulus is taken to be stress-free, i.e.
τˆrr = τˆrθ = 0, at r = b. (5.52)
At the solid/fluid interface we require continuity of normal displacements and normal
stresses:
uf = u, pˆ = −τˆrr, at r = a. (5.53)
Since the ideal fluid does not support shear stresses, the component τˆrθ must vanish at the
interface:
τˆrθ = 0, at r = a. (5.54)
All the unknown functions for the time-harmonic waves propagating in the circumfer-
ential direction have the following form:
(φf , φ, pˆ, uf , u, τˆrr) = (Φf , Φ, p, Uf , U, τrr)e
i(νθ−ωt), (5.55)
(ψ, v, τˆrθ) = i(Ψ, V, τrθ)e
i(νθ−ωt), (5.56)
where ν - angular wavenumber, ω - frequency, t - time and the amplitude functions in the
right hand side are functions of r. Note it has all been set up so that one could be looking
at the local behaviour in a bent guide of constant curvature for which a continuous ν would
be appropriate or for a true annulus for which periodicity would fix ν to be an integer.
To make sure that all the parameters involved have the same order of magnitude we
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introduce the following non-dimensional variables:
rˉ =
r
h
, κ1 =
cL
cT
, κ2 =
cL
cf
, kL =
ω
cL
h, α =
B
μ
. (5.57)
Taking into account (5.55),(5.56) and (5.57) the equations of motion (5.47) and (5.49) take
the following form:
d2Φf
drˉ2
+
1
rˉ
dΦf
drˉ
+
(
k2Lκ
2
2 −
ν2
rˉ2
)
Φf = 0,
d2Φ
drˉ2
+
1
rˉ
dΦ
drˉ
+
(
k2L −
ν2
rˉ2
)
Φ = 0, (5.58)
d2Ψ
drˉ2
+
1
rˉ
dΨ
drˉ
+
(
k2Lκ
2
1 −
ν2
rˉ2
)
Ψ = 0,
and boundary and interface conditions (5.52),(5.53),(5.54) are written as[
κ21
d2
drˉ2
+ (κ21 − 2)
{
1
rˉ
d
drˉ
− ν
2
rˉ2
}]
Φ +
[
2ν
rˉ2
− 2ν
rˉ
d
drˉ
]
Ψ = 0, rˉ =
b
h
, (5.59)[
2ν
rˉ2
− 2ν
rˉ
d
drˉ
]
Φ +
[
d2
drˉ2
− 1
rˉ
d
drˉ
+
ν2
rˉ2
]
Ψ = 0, rˉ =
b
h
, (5.60)
dΦf
drˉ
− dΦ
drˉ
+
ν
rˉ
Ψ = 0, rˉ =
a
h
, (5.61)
α
[
d2
drˉ2
+
1
rˉ
d
drˉ
− ν
2
rˉ2
]
Φf −
[
κ21
d2
drˉ2
+ (κ21 − 2)
{
1
rˉ
d
drˉ
− ν
2
rˉ2
}]
Φ +[
−2ν
rˉ2
+
2ν
rˉ
d
drˉ
]
Ψ = 0, rˉ =
a
h
, (5.62)[
2ν
rˉ2
− 2ν
rˉ
d
drˉ
]
Φ +
[
d2
drˉ2
− 1
rˉ
d
drˉ
+
ν2
rˉ2
]
Ψ = 0, rˉ =
a
h
. (5.63)
Then the corresponding displacement amplitudes can be found as:
U(r) =
dΦ
dr
− ν
r
Ψ, V (r) =
ν
r
Φ− dΨ
dr
, Uf (r) =
dΦf
dr
. (5.64)
5.5.2 Spectral scheme
To plot the dispersion curves a fast and accurate spectral method based on the concept
of a differentiation matrix (DM) and polynomial interpolation (see [43, 108, 113, 14]) is
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used. Spectral methods are used almost everywhere in the present research, but a detailed
description of the the basic principles was not the aim of the thesis. The reader can find
details in standard textbooks ([43, 108, 14]) and many details of the implementation of
the method in elasticity can be found in Adamou & Craster [3]. None the less a brief
description of the methodology is appropriate.
The general idea of the method is to approximate the m-th derivative of a function
f = f(xi) by the DM D(m) so that dmf/dxm|x=xi ≈ D(m)f , where xi is a set of grid
points on the interval of interest. Therefore the governing equations (5.58) can be written
in matrix form:
LΦ = −k2LΦ, LΨ = −k2Lκ21Ψ, LfΦf = −k2Lκ22Φf ,
L = D(2) + diag (1
rˉ
)
D(1) − diag
(
ν2
rˉ2
)
, aˉ ≤ rˉ ≤ bˉ, (5.65)
aˉ = a/h, bˉ = b/h,
where Lf means the matrix operator L calculated in the fluid region and diag(y) denotes a
matrix which has the elements of the vector y along the main diagonal and zeros elsewhere.
To improve the accuracy of the method only non-dimensional variables are used. Since
we operate on a bounded interval the natural choice is to use Chebyshev points and a
Chebyshev DM which are generated by the MATLAB function chebdif(N,m), where
N is a number of interpolation points used to approximate themth derivative. The DMs and
their numerical generation are described in Weideman & Reddy [113]. We take N points
for the annulus and Nf points for the fluid region. Using the same principle the boundary
and the interface conditions (5.59)-(5.63) can be written as two equations in matrix form:

S1 S2 0
S2 S3 0
0 0 0


Φ
Ψ
Φf
 = 0,
and 
S2 S3 0
−S1 −S2 αLf
−D(1) diag (ν
rˉ
)
D(1)


Φ
Ψ
Φf
 = 0,
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where
S1 = κ
2
1D
(2) + (κ21 − 2)
[
diag
(
1
rˉ
)
D(1) − diag
(
ν2
rˉ2
)]
, (5.66)
S2 = diag
(
2ν
rˉ2
)
− diag
(
2ν
rˉ
)
D(1), (5.67)
S3 = D
(2) − diag
(
1
rˉ
)
D(1) + diag
(
ν2
rˉ2
)
, (5.68)
Φ = [Φ1, ...ΦN ]
T
, Ψ = [Ψ1, ...ΨN ]
T are calculated on the interval rˉ = [aˉ, bˉ] and Φf =
[Φf1, ...ΦfNf/2]
T is calculated at rˉ = (0, aˉ], note that the points are counted from the
outer boundary of the annulus. Now three governing equations coupled via the boundary
conditions can be written in the form of a matrix eigenvalue problem:
L˜Φ = −k2LRΦ, (5.69)
where
Φ = [Φ Ψ Φf ]
T ,
and L˜ and R are matrices given in Fig. 5.8, 5.9. S1f , S2f are matrix operators S1 and S2
calculated in the fluid region. The boundary conditions are incorporated into the matrix L˜
in the following way. We replace the rows of the matrix L˜ corresponding to the boundary
and the interface by the same rows from the matrices constituting boundary conditions. In
the fluid region to avoid a singularity at rˉ = 0 we choose an even number of grid pointsNf
on the interval [−aˉ, aˉ] and in view of the symmetry in polar coordinate system we discard
the lower half of the DM and in fact use only a half of the interval [−aˉ , aˉ] excluding
zero (see Trefethen [108], p.115). Equation (5.69) is a generalized eigenvalue problem
where k2L plays the role of an eigenvalue. This problem is solved by MATLAB function
eig(L˜, −R) for each given value of the wavenumber ν.
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L˜ =

S1, row 1
L
S2, row N
S2, row 1
0
S3, row N
0
S2, row 1
0
−D(1), row N
S3, row 1
L
diag
(
ν
rˉ
)
, row N
0
D(1), row 1
−S1f , row N
0
−S2f , row N
0
αLf , row 1
Lf

rˉ = bˉ
rˉ = aˉ
r = bˉ
rˉ = aˉ
rˉ = aˉ
rˉ = rˉNf/2
Figure 5.8: Matrix L˜.
R =

0
1
.
.
.
1
0
0 0
0
0
κ21
.
.
.
κ21
0
0
0 0
0
κ22
.
.
.
.
.
.
κ22

Figure 5.9: MatrixR.
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Remark: Although numerical solution in terms of potentials represents a simple and
elegant way of construction a differential matrix and implementing a spectral scheme, the
presented algorithm becomes less robust if the annulus thickness is sufficiently small. For
example, for the ratio h/a = 0.1 dispersion curves in the region of long waves k ¿ 1
might not be resolved accurately. Generally, there are two ways to avoid this problem.
One of them is to solve the original problem in the asymptotic limit for h ¿ 1. The
other is to rewrite the spectral scheme in terms of displacements, therefore avoiding extra
differentiation introduced by displacement potentials. In this case Eq. (5.69) will take the
following form:
L˜disU = −k2TRdisU, (5.70)
where
U = [U V Uf Vf ]
T ,
is an array of displacements and kT = ωh/cT . The matrices L˜dis and Rdis are constructed
in the analogous way to the matrices L˜ andR.
5.6 Circular elastic annulus immersed in fluid
5.6.1 Statement of the problem
Let us consider an elastic circular annulus made of homogeneous isotropic linear elastic
material and immersed in infinite fluid. In the general case the fluid inside and outside the
annulus can have different physical parameters and is assumed to be inviscid and compres-
sional. The subscripts f1 and f2 will refer to the fluid outside and inside of the annulus
respectively. The geometry of the problem in the polar coordinate system (r, θ) is shown
in Fig.5.10. The annulus has a thickness h = b − a, cL and cT are the longitudinal and
transverse wavespeeds, λ, μ - Lame` parameters. The outside infinite fluid region is con-
structed of two layers - physical fluid (b ≤ r ≤ bf ) and PML (bf ≤ r ≤ bpml) that forces
the oscillations radiating in the r-direction to exponentially decay. We will consider cir-
cumferential, harmonic in time, wave propagation and assume that the solution will have
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Figure 5.10: The geometry of the problem.
the form F (r, θ) = Fˆ (r)ei(νθ−ωt) which will be assumed throughout and the factor e−iωt
will be omitted. Here, ν is the angular wavenumber, ω - angular frequency and t - time. In
the polar coordinate system the elastic potentials Φ, Ψ and fluid potentials Φf1, Φf2 satisfy
the wave equations that, using the non-dimensional parameters
rˉ =
r
h
, κ1 =
cL
cT
, κ2 =
cL
cf1
, κ3 =
cL
cf2
,
kL =
ω
cL
h, α1 =
B1
μ
, α2 =
B2
μ
, (5.71)
aˉ =
a
h
, bˉ =
b
h
, bˉf =
bf
h
, bˉpml =
bpml
h
,
are written in the following form:(
d2
drˉ2
+
1
rˉ
d
drˉ
+ k2L
)
Φ− ν
2
rˉ2
Φ = 0,
(
d2
drˉ2
+
1
rˉ
d
drˉ
+ k2Lκ
2
1
)
Ψ− ν
2
rˉ2
Ψ = 0,
(5.72)(
d2
drˉ2
+
1
rˉ
d
drˉ
+ k2Lκ
2
2
)
Φf1 − ν
2
rˉ2
Φf1 = 0,
(
d2
drˉ2
+
1
rˉ
d
drˉ
+ k2Lκ
2
3
)
Φf2 − ν
2
rˉ2
Φf2 = 0.
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To describe the participation of fluid we need to provide continuity of normal stresses and
displacements and vanishing shear stresses at the boundaries rˉ = aˉ and rˉ = bˉ. The relevant
stress components for the annulus are
τrr
μ
=
[
κ21
d2
dr2
+ (κ21 − 2)
{
1
r
d
dr
− ν
2
r2
}]
Φ + 2ν
[
1
r2
− 1
r
d
dr
]
Ψ, (5.73)
τrθ
μ
= 2ν
[
1
r
d
dr
− 1
r2
]
Φ +
[
− d
2
dr2
+
1
r
d
dr
− ν
2
r2
]
Ψ. (5.74)
The fluid pressure is related to the potentials via bulk modulus Bi = c2fiρfi:
pfi = −Bi
[
d2
dr2
+
1
r
d
dr
− ν
2
r2
]
Φfi, i = 1, 2. (5.75)
Therefore, taking into account (5.71), the equations of continuity of stresses on the inter-
faces are written as
ν2
[
−α1
rˉ2
Φf1 +
κ21 − 2
rˉ2
Φ
]
+ ν
[
2
rˉ
d
drˉ
− 2
rˉ2
]
Ψ+ (5.76)
α1
(
d2
drˉ2
+
1
rˉ
d
drˉ
)
Φf1 +
(
−κ21
d2
drˉ2
− κ
2
1 − 2
rˉ
d
drˉ
)
Φ = 0, rˉ = bˉ
ν2
[
κ21 − 2
rˉ2
Φ− α2
rˉ2
Φf2
]
+ ν
[
2
rˉ
d
drˉ
− 2
rˉ2
]
Ψ+ (5.77)(
−κ21
d2
drˉ2
− κ
2
1 − 2
rˉ
d
drˉ
)
Φ + α2
(
d2
drˉ2
+
1
rˉ
d
drˉ
)
Φf2 = 0 rˉ = aˉ.
Normal displacements for the annulus and the fluid are:
U =
dΦ
dr
− ν
r
Ψ, Ufi =
dΦfi
dr
, i = 1, 2, (5.78)
therefore, continuity of displacements are written as:
ν
rˉ
Ψ+
dΦf1
drˉ
− dΦ
drˉ
= 0, at rˉ = bˉ,
ν
rˉ
Ψ− dΦ
drˉ
+
dΦf2
drˉ
= 0, at rˉ = aˉ.
(5.79)
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An inviscid fluid does not support shear stresses, therefore, the third condition on the inter-
faces is vanishing of the τrθ stress component:
ν2
rˉ2
Ψ+ν
[
2
rˉ2
− 2
rˉ
d
drˉ
]
Φ +
[
d2
drˉ2
− 1
rˉ
d
drˉ
]
Ψ = 0, at rˉ = aˉ, bˉ. (5.80)
To enforce attenuation of waves in the outside fluid region we need to modify the governing
equation (5.72) for Φf1. The change of variable
rˉ → rˉ + i
ω
∫ rˉ
bˉf
α(s)ds, (5.81)
transforms the governing equation (5.72)3 into the following form:(
1
S2
d2
drˉ2
− S
′
S3
d
drˉ
+
1
S(rˉ + iS1)
d
drˉ
+ k2Lκ
2
2
)
Φf1 − ν
2
(rˉ + iS1)2
Φf1 = 0, (5.82)
where we use the notation:
S(rˉ) = 1 +
iα(rˉ)
ω
, S1 =
1
ω
∫ rˉ
bˉf
α(s)ds, for bˉf ≤ rˉ ≤ bˉpml, (5.83)
S = 1, S1 = 0, for bˉ ≤ rˉ < bˉf . (5.84)
On the boundary rˉ = bˉpml the following condition can be taken
dΦf1
drˉ
= 0, at rˉ = bˉpml, (5.85)
but we can choose any other since the reflection from this boundary is negligible.
5.6.2 Spectral scheme
The construction of differentiation matrices is similar to the previous case of an annulus
with vacuum outside, except now we are interested in solutions corresponding to complex
wavenumbers and real frequencies. The algorithm to construct dispersion curves must
be altered since the numerical scheme described in the previous section is designed to
search for several values of the frequency for a fixed value of a wavenumber. Additional
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complications arise here since the wavenumber ν is included in the eigenvalue problem
non-linearly; to reduce this problem to a classical eigenvalue problem that can be solved
by a MATLAB routine an additional trick will be used.
In each fluid and solid region we construct a grid ofN Chebyshev points (rˉ(1), . . . rˉ(N)),
then, replacing first and second derivatives in the governing equations by their matrix ap-
proximations, we obtain the following discretized form:
L1Φf1 − diag
(
ν2
rˉ2 + iS1
)
Φf1 = 0, bˉ ≤ rˉ ≤ bˉpml, (5.86)
(L2 + k
2
L ∗ I)Φ− diag
(
ν2
rˉ2
)
Φ = 0, aˉ ≤ rˉ ≤ bˉ, (5.87)
(L2 + k
2
Lκ
2
1 ∗ I)Ψ− diag
(
ν2
rˉ2
)
Ψ = 0, aˉ ≤ rˉ ≤ bˉ (5.88)
L3Φf2 − diag
(
ν2
rˉ2
)
Φf2 = 0, 0 < rˉ ≤ aˉ, (5.89)
where L1, L2, L3 are matrix operators:
L1 = diag
(
1
S2
)
D
(2)
f1 − diag
(
S ′
S3
)
D
(1)
f1 + diag
(
1
S(rˉ + iS1)
)
D
(1)
f1 + k
2
Lκ
2
2I, (5.90)
L2 = D
(2) + diag
(
1
rˉ
)
D(1) + k2LI, L3 = D
(2)
f2 + diag
(
1
rˉ
)
D
(1)
f2 + k
2
Lκ
2
3I. (5.91)
Interface conditions are discretized in a similar way. The function α is chosen to be
quadratic in the PML and zero elsewhere:
α(1 : p) = Aω
(
rˉ(1 : p)− bˉf
bˉpml − bˉf
)2
, α(p+ 1 : N) = 0, (5.92)
where A = 2π, rˉ(1) = bˉpml, rˉ(p) = bˉf . Therefore functions S and S1 are written in the
following form:
S(1 : p) = 1 + iA
(rˉ(1 : p)− bˉf )2
(bˉpml − bˉf )2 , S(p+ 1 : N) = 1, (5.93)
S1(1 : p) =
A(rˉ(1 : p)− bˉf )3
3(bˉpml − bˉf )2 , S1(p+ 1 : N) = 0. (5.94)
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The resulting system of discretized equations is an eigenvalue problem that can be written
in the form:
D2(ν)a = 0, (5.95)
where a = (Φf1 Φ Ψ Φf2)T is a vector of values of the fluid and the elastic potentials in
the grid points and D2(ν) is a polynomial with matrix coefficients:
D2(ν) = Q0ν
2 +Q1ν +Q2. (5.96)
Hence, in Eq. (5.95) the wave number ν plays the role of an eigenvalue that appears in the
problem nonlinearly. This is an important point as this form is not suitable for solving in
MATLAB and therefore must be manipulated. A method, referred to as the linear compan-
ion matrix method, allows us to construct a companion matrix that transforms the existing
problem into the formM1u = λM2u, which is a generalized eigenvalue problem [16, 80].
If aˉ = νa then the companion matrix for Eq. (5.95) can be formed in the following way:
M1
(
aˉ
a
)
= νM2
(
aˉ
a
)
, (5.97)
where M1 =
(
−Q1 −Q2
I Z
)
, M2 =
(
Q0 Z
Z I
)
,
I is an identity matrix and Z is a matrix of zeros. Therefore, the first equation of (5.97)
is exactly Eq. (5.95) and the second equation of (5.97) satisfies automatically. How to
construct the matrices Q0, Q1, Q2 and incorporate the interface conditions in the matrix
eigenvalue problem is shown in Fig. 5.11,5.12.
5.6 Circular elastic annulus immersed in fluid 132
Q
0
=
                                         0
..
.
0
−d
ia
g
( 1 rˉ2)
0
..
.
0
0
0
0
−d
ia
g
(α
1
/
rˉ2
) N
,1
:N
0
d
ia
g
((
κ
2 1
−
2)
/
rˉ2
) 1
,1
:N
−d
ia
g
( 1 rˉ2)
0
..
.
0
0
0
0
0
d
ia
g
((
κ
2 1
−
2)
/
rˉ2
) N
,1
:N
d
ia
g
(1
/
rˉ2
) 1
,1
:N
−d
ia
g
( 1 rˉ2)
0
..
.
0
0
−d
ia
g
(α
2
/
rˉ2
) 1
,1
:N
/
2
0
0
d
ia
g
(1
/
rˉ2
) N
,1
:N
0
0
..
.
0
−d
ia
g
( 1 rˉ2)
                                         rˉ
=
bˉ p
m
l
rˉ
=
bˉ
rˉ
=
bˉ
rˉ
=
aˉ
r
=
bˉ
rˉ
=
aˉ
rˉ
=
aˉ
rˉ
=
rˉ N
f
/
2
Fi
gu
re
5.
11
:M
at
rix
Q
0
Chapter 5. The PML technique for acoustic and elastic waveguides 133
Matrices A, B, C, F, G in Fig.5.12 are written in the form:
A = D
(2)
f1 + diag
(
1
rˉ
)
D
(1)
f1 , B = −κ21D(2) − diag
(
κ21 − 2
rˉ
)
D(1), (5.98)
C = diag
(
2
rˉ
)
D(1) − diag
(
2
rˉ2
)
, F = D(2) − diag
(
1
rˉ
)
D(1), (5.99)
G = D
(2)
f2 + diag
(
1
rˉ
)
D
(1)
f2 . (5.100)
Now Eq. (5.97) can be solved by MATLAB function eig(M1,M2) to obtain a set of
complex wavenumbers ν. This is a very useful trick to turn polynomial eigenvalue problem,
here a quadratic, into a simpler form. Generally, if the matrix Q0 is not singular then we
can multiply both parts of Eq.(5.97) by Q−10 and reduce the above problem to searching for
the eigenvalues of the matrixM :
M =
(
−Q−10 Q1 −Q−10 Q2
I Z
)
. (5.101)
Remark: It is worth discussing various issues to do with this spectral approach. Ac-
cording to Boyd’s rule-of-thumb ([14], p. 132) if we use (N + 1) points to approximate
derivatives then the lowest N/2 eigenvalues are accurate within a certain level of accuracy.
So for very extreme values of the parameters, i.e. h ¿ 1 or very high frequencies, the
spectral code gradually becomes less efficient and one should then increase the number of
points, it is also then worth rewriting the governing equations and their rescaling to take
account of these large parameters.
In some circumstances, various spurious eigenvalues arise ([14], p. 139) and these
can be filtered out by redoing the calculation for a slightly higher N and keeping only
those eigenvalues that differ by less than a certain criterion - obviously this doubles the
work, but since it is so rapid in comparison to root finding, and easy to code, this is not a
serious consideration. Also in practice, a choice of the mentioned criterion is not always
trivial, especially when the frequency increases. Again, rewriting the problem in terms of
displacements or a combination of displacements and potentials can be a remedy.
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Figure 5.12: Matrices Q1, Q2
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Figure 5.13: The first twenty dispersion curves for a steel annulus filled with water, a =
0.02, b = 0.028. The fragments of the curves in the boxes are shown in Fig. 5.14.
5.7 Numerical results
As a first example, a steel annulus filled with water and surrounded by vacuum is taken.
Transverse and longitudinal wavespeeds for steel are 3200 and 5900 m/sec respectively,
density of steel ρ is 7800 kg/m3, wavespeed in water cf is 1480 m/sec and density ρf
is 1000 kg/m3. The dispersion diagram for these parameters is shown in Fig.5.13 for
a = 0.02 and b = 0.028. A magnification of the plot in the boxes is presented in Fig. 5.14
and shows the behaviour of the fundamental mode in the vicinity of the origin (first panel)
and a close approach of the dispersion curves (second and third panel).
In the second example we present numerical results for a steel annulus with a = 0.02m,
b = 0.025m filled with water and immersed in salt water. The following physical param-
eters are taken for fluid and solid regions: cf1 = 1480m/s, ρf1 = 1000kg/m3, cL =
5900m/s, cT = 3200m/s, ρ = 7800kg/m
3, cf2 = 1533m/s, ρf2 = 1025kg/m
3
. The
numerical eigenvalues are compared with the ’exact’ solution of the dispersion relation
F (ν, kL) = 0 that is solved for each fixed value of frequency using the secant method.
Comparison of numerical values and ”exact” values are shown in Table 5.1 for values of
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Figure 5.14: Magnified fragments of the dispersion curves in the boxes shown in Fig. 5.13.
frequency kL = 0.8, and kL = 2.5. The normal displacements as functions of the dimen-
sionless radius are shown in Fig.5.15.
5.8 Concluding remarks
In this chapter we have applied the PML method to non-uniform acoustic waveguides
with curvature and thickness variation. Numerical calculations were based on the finite-
difference method and have shown very good agreement with the results obtained from
the long-wave theory. Calculations carried out for different types of boundary conditions
and excitation at the trapped mode frequencies have shown strong localisation of energy in
the area of non-uniformity. The method can be extended to elastic problems and general
time dependence and potentially can be used for the investigation of trapped/propagating
modes in more complex structures such as plates immersed in fluid or built-in to a different
material of infinite extent.
We have also developed a numerical technique that allows us to construct dispersion
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Table 5.1: A comparison of eigenvalues generated by the spectral method νsp and the secant
method νex for the exact dispersion relation.
νsp νex relative error
kL = 0.8
1.3852 + 0.0018i 1.3874 + 0.0016i 0.0015
−1.3853− 0.0018i −1.3783− 0.0031i 0.0060
−3.6586− 0.0017i −3.7344− 0.0000i 0.0701
3.6586 + 0.0017i 3.6585 + 0.0017i 0.0000
−3.9512− 0.0000i −3.9344− 0.0000i 0.0043
3.9512 + 0.0000i 3.9513 + 0.0000i 0.0000
6.4511 + 0.0034i 6.4511 + 0.0034i 0.0000
−6.4511− 0.0034i −6.4514− 0.0000i 0.0002
9.6196 + 0.1134i 9.6195 + 0.1145i 0.0000
−9.6196− 0.1134i −9.8020− 0.1953i 0.0171
kL = 2.5
0.1504 + 0.0039i 0.1508 + 0.0045i 0.0032
−0.1504− 0.0039i −0.1495− 0.0031i 0.0057
−2.0717− 0.0021i −2.0707− 0.0011i 0.0005
2.0717 + 0.0021i 2.0718 + 0.0034i 0.0000
4.1795 + 0.0024i 4.1795 + 0.0024i 0.0000
−4.1795− 0.0024i −4.1787− 0.0031i 0.0002
6.3613 + 0.0031i 6.3583 + 0.0050i 0.0005
−6.3613− 0.0031i −6.3608− 0.0022i 0.0000
8.3526 + 0.0167i 8.3531 + 0.0176i 0.0000
−8.3526− 0.0167i −8.3528− 0.0163i 0.0000
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Figure 5.15: Normal displacements as functions of dimensionless radius r/h; solid line -
real part, dashed line - imaginary part.
curves for layered structures including those with unbounded domains. This technique was
implemented using a combination of spectral methods and a PML and is more effective than
root-finding techniques. The algorithm is able to extract real pairs (wavenumber, frequency)
as well as complex wavenumbers for real values of frequency. The idea of the method is
new, the numerical results show good agreement with the exact dispersion relations and a
few improvements regarding eigenvalue filtering and extracting wavenumbers with small
real and imaginary parts are required.
5.9 Appendix A: exact dispersion relation for a circular elastic annu-
lus filled with fluid
If we wanted to find the exact dispersion relation analytically we would proceed as fol-
lows: multiplying equations (5.58) by rˉ2 we obtain Bessel’s equations which have general
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solutions of the following form:
Φf (kLκ2rˉ) = C1Jν(kLκ2rˉ),
Φ(kLrˉ) = C2Jν(kLrˉ) + C3Yν(kLrˉ), (5.102)
Ψ(kLκ1rˉ) = C4Jν(kLκ1rˉ) + C5Yν(kLκ1rˉ),
where the coefficients C1, C2, C3, C4, C5 are to be found and Jν and Yν are Bessel
functions of the first and second kind of order ν, respectively. Note that since the solution
in fluid must be bounded the Bessel function of the second kind is discarded in the fluid.
Substitution of these solutions into the boundary conditions (5.59)-(5.63) gives a system of
equations for the five unknown coefficients
Mc = 0, (5.103)
where c = (C1, C2, C3, C4, C5) and the components dij of the matrixM are given below.
The solubility condition det(M) = 0 leads to the required dispersion relation which must
be solved numerically. We have done so to allow a comparison with the spectral approach,
the standard root-finding method employing the MATLAB function fzero turns out to be
very inefficient for plotting dispersion curves. The calculation of roots for only a single
value of a wavenumber (or a single frequency) can take significant amount of time.
d11 = 0, d12 = (κ1kL)
2J ′′ν (kLbˉ) + (κ
2
1 − 2)
[
kL
bˉ
J ′ν(kLbˉ)−
ν2
bˉ2
Jν(kLbˉ)
]
,
d13 = (κ1kL)
2Y ′′ν (kLbˉ) + (κ
2
1 − 2)
[
kL
bˉ
Y ′ν(kLbˉ)−
ν2
bˉ2
Yν(kLbˉ)
]
,
d14 =
2ν
bˉ2
[
Jν(kLκ1bˉ)− bˉkLκ1J ′ν(kLκ1bˉ)
]
,
d15 =
2ν
bˉ2
[
Yν(kLκ1bˉ)− bˉkLκ1Y ′ν(kLκ1bˉ)
]
,
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d21 = 0, d22 =
2ν
bˉ2
[
bˉkLJ
′
ν(kLbˉ)− Jν(kLbˉ)
]
,
d23 =
2ν
bˉ2
[
bˉkLY
′
ν(kLbˉ)− Yν(kLbˉ)
]
,
d24 = −(kLκ1)2J ′′ν (kLκ1bˉ) +
kLκ1
bˉ
J ′ν(kLκ1bˉ)−
ν2
bˉ2
Jν(kLκ1bˉ),
d25 = −(kLκ1)2Y ′′ν (kLκ1bˉ) +
kLκ1
bˉ
Y ′ν(kLκ1bˉ)−
ν2
bˉ2
Yν(kLκ1bˉ),
d31 = kLκ2J
′
ν(kLκ2aˉ), d32 = −kLJ ′ν(kLaˉ), d33 = −kLY ′ν(kLaˉ),
d34 =
ν
aˉ
Jν(kLκ1aˉ), d35 =
ν
aˉ
Yν(kLκ1aˉ),
d41 = α
[
(kLκ2)
2J ′′ν (kLκ2aˉ) +
kLκ2
aˉ
J ′ν(kLκ2aˉ)−
ν2
aˉ2
Jν(kLκ2aˉ)
]
,
d42 = −(kLκ1)2J ′′ν (kLaˉ)− (κ21 − 2)
kL
aˉ
J ′ν(kLaˉ) + (κ
2
1 − 2)
ν2
aˉ2
Jν(kLaˉ),
d43 = −(kLκ1)2Y ′′ν (kLaˉ)− (κ21 − 2)
kL
aˉ
Y ′ν(kLaˉ) + (κ
2
1 − 2)
ν2
aˉ2
Yν(kLaˉ),
d44 = −2ν
aˉ2
Jν(kLκ1aˉ) +
2ν
aˉ
kLκ1J
′
ν(kLκ1aˉ),
d45 = −2ν
aˉ2
Yν(kLκ1aˉ) +
2ν
aˉ
kLκ1Y
′
ν(kLκ1aˉ),
d51 = 0, d52 =
2ν
aˉ
kLJ
′
ν(kLaˉ)−
2ν
aˉ2
Jν(kLaˉ),
d53 =
2ν
aˉ
kLY
′
ν(kLaˉ)−
2ν
aˉ2
Yν(kLaˉ),
d54 = −(kLκ1)2J ′′ν (kLκ1aˉ) +
kLκ1
aˉ
J ′ν(kLκ1aˉ)−
ν2
aˉ
Jν(kLκ1aˉ),
d55 = −(kLκ1)2Y ′′ν (kLκ1aˉ) +
kLκ1
aˉ
Y ′ν(kLκ1aˉ)−
ν2
aˉ
Yν(kLκ1aˉ).
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5.10 Appendix B: exact dispersion relation for a circular elastic annu-
lus immersed in fluid
The governing equations (5.72) can be written in the form of Bessel’s equation and subse-
quently solved analytically, so the solution is written in the form of Bessel’s functions:
Φf1(kLκ2rˉ) = C1Hν(kLκ2rˉ), Φ(kLrˉ) = C2Jν(kLrˉ) + C3Yν(kLrˉ), (5.104)
Ψ(kLκ1rˉ) = C4Jν(kLκ1rˉ) + C5Yν(kLκ1rˉ), Φf2(kLκ3rˉ) = C6Jν(kLκ3rˉ).
The interface conditions (5.76)-(5.77),(5.79) and (5.80) give the following system of equa-
tions:
Mc = 0, (5.105)
where c = (C1 C2 C3 C4 C5 C6)T and the components of matrixM are:
d11 = kLκ2H
′
ν(kLκ2bˉ), d12 = −kLJ ′ν(kLbˉ), d13 = −kLY ′ν(kLbˉ),
d14 =
ν
bˉ
Jν(kLκ1bˉ), d15 =
ν
bˉ
Yν(kLκ1bˉ), d16 = 0,
d21 = α1
[
(kLκ2)
2H ′′ν (kLκ2bˉ) +
kLκ2
bˉ
H ′ν(kLκ2bˉ)−
ν2
bˉ2
Hν(kLκ2bˉ)
]
,
d22 = −(kLκ1)2J ′′ν (kLbˉ)− (κ21 − 2)
kL
bˉ
J ′ν(kLbˉ) + (κ
2
1 − 2)
ν2
bˉ2
Jν(kLbˉ)
d23 = −(kLκ1)2Y ′′ν (kLbˉ)− (κ21 − 2)
kL
bˉ
Y ′ν(kLbˉ) + (κ
2
1 − 2)
ν2
bˉ2
Yν(kLbˉ),
d24 = −2ν
bˉ2
Jν(kLκ1bˉ) +
2ν
bˉ
kLκ1J
′
ν(kLκ1bˉ),
d25 = −2ν
bˉ2
Yν(kLκ1bˉ) +
2ν
bˉ
kLκ1Y
′
ν(kLκ1bˉ), d26 = 0,
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d31 = 0, d32 =
2ν
bˉ2
[
bˉkLJ
′
ν(kLbˉ)− Jν(kLbˉ)
]
,
d33 =
2ν
bˉ2
[
bˉkLY
′
ν(kLbˉ)− Yν(kLbˉ)
]
,
d34 = −(kLκ1)2J ′′ν (kLκ1bˉ) +
kLκ1
bˉ
J ′ν(kLκ1bˉ)−
ν2
bˉ2
Jν(kLκ1bˉ),
d35 = −(kLκ1)2Y ′′ν (kLκ1bˉ) +
kLκ1
bˉ
Y ′ν(kLκ1bˉ)−
ν2
bˉ2
Yν(kLκ1bˉ), d36 = 0,
d41 = 0, d42 = −kLJ ′ν(kLaˉ), d43 = −kLY ′ν(kLaˉ),
d44 =
ν
aˉ
Jν(kLκ1aˉ), d45 =
ν
aˉ
Yν(kLκ1aˉ), d46 = kLκ3J
′
ν(kLκ3aˉ),
d51 = 0, d52 = −(kLκ1)2J ′′ν (kLaˉ)− (κ21 − 2)
kL
aˉ
J ′ν(kLaˉ) + (κ
2
1 − 2)
ν2
aˉ2
Jν(kLaˉ),
d53 = −(kLκ1)2Y ′′ν (kLaˉ)− (κ21 − 2)
kL
aˉ
Y ′ν(kLaˉ) + (κ
2
1 − 2)
ν2
aˉ2
Yν(kLaˉ),
d54 = −2ν
aˉ2
Jν(kLκ1aˉ) +
2ν
aˉ
kLκ1J
′
ν(kLκ1aˉ),
d55 = −2ν
aˉ2
Yν(kLκ1aˉ) +
2ν
aˉ
kLκ1Y
′
ν(kLκ1aˉ),
d56 = α2
[
(kLκ3)
2J ′′ν (kLκ3aˉ) +
kLκ3
aˉ
J ′ν(kLκ3aˉ)−
ν2
aˉ2
Jν(kLκ3aˉ)
]
,
d61 = 0, d62 =
2ν
aˉ2
[aˉkLJ
′
ν(kLaˉ)− Jν(kLaˉ)] ,
d63 =
2ν
aˉ2
[aˉkLY
′
ν(kLaˉ)− Yν(kLaˉ)] ,
d64 = −(kLκ1)2J ′′ν (kLκ1aˉ) +
kLκ1
aˉ
J ′ν(kLκ1aˉ)−
ν2
aˉ2
Jν(kLκ1aˉ),
d65 = −(kLκ1)2Y ′′ν (kLκ1aˉ) +
kLκ1
aˉ
Y ′ν(kLκ1aˉ)−
ν2
aˉ2
Yν(kLκ1aˉ), d66 = 0,
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Therefore, the relation between the wavenumber and the frequency is defined by the tran-
scendental equation:
det(M) = 0. (5.106)
5.11 Appendix C: MATLAB code generating dispersion curves for an elastic
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5.11 Appendix C: MATLAB code generating dispersion curves for an
elastic annulus immersed in fluid
The MATLAB function curves eval pml given below calculates complex wavenum-
bers lambda for a single value of frequency k. This function is run twice for two slightly
different values of N and a subsequent algorithm of filtering spurious eigenvalues is ap-
plied.
function [U,lambda,r1,r2,r3] = ...
curves_eval_pml(N,kappa1,kappa2,...
kappa3,a,b,bpml,h,alpha1,alpha2,k)
bpmlhat = bpml/h;
[r, D] = chebdif(N, 2);
% grid and derivatives for fluid 1
% mapping from [-1 1] to [b/h bpml/h]
r1 = (b+bpml)/(2*h)+(bpml-b)/(2*h)*r;
D1f1 = 2*h*D(:,:,1)/(bpml-b);
D2f1 = 4*hˆ2*D(:,:,2)/(bpml-b)ˆ2;
% grid and derivatives for annulus
% mapping from [-1 1] to [a/h b/h]
r2 = (a + b)/(2*h)+(b-a)/(2*h)*r;
D1 = 2*D(:,:,1);
D2 = 4*D(:,:,2);
% grid and derivatives for fluid 2
% mapping from [-1 1] to [-a/h a/h]
r3 = a/h * r;
D1f2 = h*D(:,:,1)/a;
D2f2 = hˆ2*D(:,:,2)/aˆ2;
clear r D
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% coefficients of the PML equation
S = ones(N, 1);
S_p = zeros(N, 1);
S1 = zeros(N, 1);
A = 2*pi; p = 30;
S(1:p) = 1 + A*i*((r1(1:p) - r1(p))/(bpmlhat - r1(p))).ˆ2;
S_p(1:p) = 2*A*i*(r1(1:p) - r1(p))/(bpmlhat - r1(p))ˆ2;
S1(1:p) = A*((r1(1:p) - r1(p))).ˆ3/(3*(bpmlhat - r1(p)).ˆ2);
A1 = S.ˆ(-2); A1 = diag(A1(:));
A2 = S_p./S.ˆ3; A2 = diag(A2(:));
A3 = (S.*(r1 + i*S1)).ˆ-1; A3 = diag(A3(:));
A4 = (r1 + i*S1).ˆ-2; A4 = diag(A4(:));
% Laplacian in polar coordinates
R1 = diag(1./r1);
R2 = diag(1./r2);
R3 = diag(1./r3(1:N/2));
L1 = A1*D2f1 - A2*D1f1 + A3*D1f1 + kˆ2*kappa2ˆ2*eye(N);
L2 = D2 + R2*D1;
I1 = eye(N/2); I2 = fliplr(eye(N/2));
L3 = (D2f2(1:N/2, 1:N/2) + R3*D1f2(1:N/2, 1:N/2))*I1 +...
(D2f2(1:N/2, N/2+1:end) + R3*D1f2(1:N/2, N/2+1:end))*I2 +...
kˆ2*kappa3ˆ2*I1;
l1 = -A4;
l2 = -R2ˆ2;
l3 = -R3ˆ2;
% interface conditions
R12 = R1ˆ2;
R22 = R2ˆ2;
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R32 = R3ˆ2;
S1 = D2f1 + R1*D1f1;
S2 = -kappa1ˆ2*D2 - (kappa1ˆ2 - 2)*R2*D1;
S3 = 2*(R2*D1 - R22);
S4 = D2 - R2*D1;
d1f = D1f2(1:N/2, 1:N/2)*I1 + D1f2(1:N/2, N/2+1:end)*I2;
d2f = D2f2(1:N/2, 1:N/2)*I1 + D2f2(1:N/2, N/2+1:end)*I2;
S5 = d2f + R3*d1f;
% matrices Q0, Q1, Q2
Q0 = blkdiag(l1, l2, l2, l3);
Q1 = zeros(3*N+N/2);
Q2 = blkdiag(L1, L2 + kˆ2*eye(N), L2 + ...
kˆ2*kappa1ˆ2*eye(N), L3);
Q0(1, 1:N) = zeros(1, N);
Q0(N, 1:N) = zeros(1, N);
Q0(N+1, 1:2*N) = [-alpha1*R12(N, :) (kappa1ˆ2 - 2)*R22(1, :)];
Q0(2*N, N+1:2*N) = zeros(1, N);
Q0(2*N+1, 2*N+1:3*N) = R22(1, :);
Q0(3*N, N+1:end) = ...
[(kappa1ˆ2 - 2)*R22(N, :) zeros(1, N) -alpha2*R32(1, :)];
Q0(3*N+1, 2*N+1:end) = [R22(N, :) zeros(1, N/2)];
Q1(N, 2*N+1:3*N) = R2(1, :);
Q1(N+1, 2*N+1:3*N) = S3(1, :);
Q1(2*N, 2*N+1:3*N) = R2(N, :);
Q1(2*N+1, N+1:2*N) = -S3(1, :);
Q1(3*N, 2*N+1:3*N) = S3(N, :);
Q1(3*N+1, N+1:2*N) = -S3(N, :);
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Q2(1, 1:N) = D1f1(1, :);
Q2(N, 1:2*N) = [D1f1(N, :) -D1(1, :)];
Q2(N+1, 1:2*N) = [alpha1*S1(N, :) S2(1, :)];
Q2(2*N, N+1:end) = [-D1(N, :) zeros(1, N) d1f(1, :)];
Q2(2*N+1, 2*N+1:3*N) = S4(1, :);
Q2(3*N, N+1:end) = [S2(N, :) zeros(1, N) alpha2*S5(1, :)];
Q2(3*N+1, 2*N+1:end) = [S4(N, :) zeros(1, N/2)];
M1 = [-Q1 -Q2; eye(3*N+N/2) zeros(3*N+N/2)];
M2 = [Q0 zeros(3*N+N/2); zeros(3*N+N/2) eye(3*N+N/2)];
[V, lam] = eig(M1, M2);
[lambda, ii] = sort(diag(lam));
V = V(:, ii);
% normal displacements
for k=1:size(V, 2)
v1 = D1f1*V(1:N, k);
v2 = D1*V(N+1:2*N, k) - lambda(k)*R2*V(2*N+1:3*N, k);
v3 = d1f*V(3*N+1:3*N+N/2, k);
U(:, k) = [v1; v2; v3]/lambda(k);
end
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Chapter 6
Trapped modes in non-uniform
waveguides immersed in fluid
6.1 Introduction
Naturally many elastic waveguiding structures are surrounded by fluid, the aim of this
chapter is to investigate how this external medium alters the long-wave asymptotic theory.
The phenomenon of elastic wave propagation in layered media is a classical area exten-
sively developed over the last century; classical textbooks on this subject are [35, 15]. The
understanding of wave interaction with multilayered structures is crucial in such areas as
seismology, underwater acoustics and nondestructive testing. In particular, great attention
has been directed towards the wave propagation in plates submerged in a fluid or lying on
a half fluid space.
As a wave travels along the waveguide, it loses the energy into the surrounding fluid
media. Due to the leakage of energy, the Lamb frequency spectrum becomes complex
and the corresponding waves are referred to as leaky waves/modes. Two approaches have
been adopted in the study of the frequency spectrum of such systems. One of them is
an investigation of real frequencies and complex wavenumbers, that is an attenuation of
waves is studied as a function of space coordinates; most of the papers are devoted to this
approaches. In this context, for example, dependence of the complex frequency Lamb
wave spectrum on fluid/solid physical parameters was investigated by Rokhlin, Chementi
Chapter 6. Trapped modes in non-uniform waveguides immersed in fluid 149
&Nayfeh [98], Freedman [40, 41]. Experimentally, the frequency spectrum of leaky modes
was observed by Durinck et. al [30]. Among these earlier works, the propagation of plane
waves in a fluid/elastic layer system was studied by Osborne & Hart [79] and Merkulov
[75]. It was shown that for the liquid density sufficiently smaller than that of a plate,
the Lamb frequency spectrum of a free elastic plate was only slightly affected by light
fluid [15]. The second approach focuses on attenuation of waves as a function of time,
which corresponds to complex frequency. In this case there are fewer articles, although
recently transient Lamb waves were investigated by Poncelet & Deschamps [87], where
the dispersion relation with complex frequency solutions was also discussed. It turns out
that this latter case is more closely connected to the results generated by the long wave
asymptotics.
Previous research on trapping in elastic structures ([49, 46, 92, 93, 94]) has shown
that trapping can occur in waveguides with thickness/curvature variation. Trapping means
that a localised eigensolution exists in the region of local curvature or local thickness. Such
modes, if perfectly trapped, then remain in that localised region concentrating energy there.
In other words, there exist a certain finite number of modes confined to the area of geometry
perturbation that do not lose energy. The frequencies of these modes are real-valued and a
simple and effective mathematical model for obtaining their numerical values has been de-
veloped (see Chapters 2, 3). This model represents a second order ODE which, in general,
can be solved numerically employing spectral methods. The investigation in this chapter
is intended to determine whether trapped modes can also exist in an open system such as a
non-uniform elastic plate immersed in an infinite fluid. Also it is unclear in advance how
the presence of an external medium will affect the whole asymptotic procedure. If trapping
is still possible, we are interested in how a build-up of energy in areas of non-uniformity
changes in time and at which frequencies trapping can be expected. Recent works have
shown that the resonance frequency of a fluid-loaded plate becomes complex (see Hein
et. al [52], Kaplunov & Krynkin [57]), therefore, pure trapping cannot be anticipated be-
cause frequencies of trapped modes become complex valued. In terms of applications, the
understanding of trapping in submerged plates can potentially be useful for inspecting the
integrity of welds and pipes in underwater constructions.
As in earlier chapters, two types of geometry will be considered: a plate that is slightly
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bent in the vicinity of some point and a plate with variation in thickness. Both types of
waveguides extend to infinity along the horizontal coordinate (x) and are immersed in in-
finite ideal fluid. The procedure for obtaining the frequencies of trapped modes is similar
to that used for the problem of trapping in plates in vacuum. The asymptotic scheme is
complicated as now one must introduce a displacement potential, χ, in the fluid. The fluid
is taken inviscid and compressible therefore the stress components in the fluid are defined
as: τ
(f)
ij = −pδij , where δij is the Kronecker delta and p is the fluid pressure. To match the
corresponding stresses at the solid/fluid interface the normal stresses must be equal there
and, since the fluid does not support shear, the shear stress in the plate must vanish. Also
continuity of normal displacements at the interface is required. Solutions in the fluid allow
only outgoing waves and must satisfy the Sommerfeld radiation condition [103]:
∂χ
∂η
− ikχ = o
(
1√
η
)
, as η →∞ (6.1)
for the Helmholtz equation Δχ+ k2χ = 0.
This chapter is organised as follows. First, we give a statement of the problem for a
topographical varying waveguide and consider two possible asymptotic expansions - for
a dominant compressional wavefield and dominant shear wavefield. The former case is
considered in detail and for the latter case we give the ultimate result. Then we describe
the geometry and governing equations and interface conditions for a bent plate and give
the asymptotic scheme for the shear wavefield. At the end some typical numerical results
are presented for steel plates in water. A connection between the asymptotic result and
propagating modes in a flat plate and in a circular annulus is shown. A detailed procedure
for developing solutions is presented for the former case. A discussion of the results and
numerical calculations are also presented. Additionally, in Appendix B we give the cor-
responding results for a simplified problem of an acoustic waveguide immersed within an
acoustic medium.
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Figure 6.1: The geometry of a thickened/thinned topographic waveguide
6.2 Statement of the problem in the case of elastic/fluid interface (to-
pographically varying guide)
In this section a waveguide with thickness variation is considered. The material of the
waveguide is homogeneous, isotropic and linear-elastic with density ρ, and the surrounding
fluid is inviscid, compressible and has density ρf . The geometry of the problem is shown
in Fig.6.1. The boundary of the guide is described by the following function:
h(x) = ±[1 + 0.5α2g(x)], (6.2)
i.e., the waveguide has a local perturbation in thickness around zero and becomes flat as
x → ±∞. The function g(x) describes the thickness variation and can be taken, for in-
stance, as a Gaussian exp{−(x)2} or 1/ cosh2(x). The coefficient α characterizes the
height/depth of the “hump” /depression and can be positive or negative. The parameter
 (the so-called “slow parameter”) is chosen to be small so the term describing the per-
turbation in thickness is of order 2 and the boundary function h(x) is a slowly varying
function along the coordinate x. The geometry is symmetric with respect to both coordi-
nate axes. Our aim is to find frequencies at which modes localise their energy in the region
of thickness variation and exponentially decay along the waveguide as |x| → ∞.
In terms of the scalar potentials the governing equations for the plate and fluid are
written as:
Δφ =
1
c2L
φ¨, Δψ =
1
c2T
ψ¨, Δχj =
1
c2F
χ¨j. (6.3)
Here, φ and ψ are displacement potentials in the elastic plate, χj is the displacement poten-
tial in fluid, where j = 1, 2 denotes the solution for the upper and lower semi-infinite fluid
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region respectively; c2L = (λ+ 2μ)/ρ, c2T = μ/ρ – longitudinal and transverse wavespeeds
in the plate, cF – the wavespeed in fluid, λ and μ – Lame` elastic constants;Δ is the Laplace
operator and double dots denote the second derivative with respect to time t. The time
dependence form for complex harmonic solution exp(−iωt) (ω is the complex angular fre-
quency) will be understood and henceforth omitted. The components of the displacement
vector in solid and fluid regions are:
u =
∂φ
∂x
− ∂ψ
∂z
, w =
∂φ
∂z
+
∂ψ
∂x
, uf =
∂χj
∂x
, wf =
∂χj
∂z
, (6.4)
and the relevant components of the stress tensor for the plate are written as:
τ11 = λΔφ+ 2μ
(
∂2φ
∂x2
− ∂
2ψ
∂x∂z
)
, (6.5)
τ13 = τ31 = μ
(
2
∂2φ
∂x∂z
− ∂
2ψ
∂z2
+
∂2ψ
∂x2
)
, (6.6)
τ33 = λΔφ+ 2μ
(
∂2φ
∂z2
+
∂2ψ
∂x∂z
)
. (6.7)
The normal stresses for the fluid are:
τ
(f)
33 = −p = λfΔχj, (6.8)
where λf - fluid bulk modulus. Therefore the conditions at fluid/solid interface are written
in the following form:
continuity of normal displacements:
− hxu+ w = −hxuf + wf , at z = ±h; (6.9)
continuity of normal stresses:
− hxτ31 + τ33 = −p, at z = ±h; (6.10)
shear stress in the plate must vanish on the boundaries:
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− hxτ11 + τ13 = 0, at z = ±h. (6.11)
Let us introduce new coordinates to transform the waveguide into a flat plate to simplify
the boundary conditions:
ξ = x, η = z/h(ξ). (6.12)
Under this transformation the Laplacian takes the form:
Δ = 2∂2ξξ +
1
h2
∂2ηη−22η
hξ
h
∂2ξη+ (6.13)
2
{
η2
(
hξ
h
)2
∂2ηη + η
[
2
(
hξ
h
)2
− hξξ
h
]
∂η
}
and Eqs. (6.3) are rewritten as
Δˉφ+ (γΛh)2φ = 0, Δˉψ + (Λh)2ψ = 0, Δˉχj + (γˆΛh)
2χj = 0. (6.14)
The stress components and displacements in (ξ, η) coordinate system take the form:
τ11h
2
μ
= γ−2Δˉφ− 2φηη − 2Lψ, τ13h
2
μ
= Δˉψ − 2ψηη + 2Lφ, (6.15)
τ33h
2
μ
= (γ−2 − 2)Δˉφ+ 2φηη + 2Lψ, ph2 = −λfΔˉχj , (6.16)
u = 
(
φξ − ηhξ
h
φη
)
− 1
h
ψη, w =
1
h
φη + 
(
ψξ − ηhξ
h
ψη
)
(6.17)
uf = 
(
χjξ − ηhξ
h
χjη
)
, wf =
1
h
χjη. (6.18)
In these equations we use the following notation:
Δˉ = h2Δ, Λ =
ω
cT
, (6.19)
γ =
cT
cL
, γˆ =
cT
cF
, (6.20)
L = h∂2ξη − hξ∂η − ηhξ∂2ηη. (6.21)
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Now the interface conditions (6.9)-(6.11) in (ξ, η) coordinates are rewritten as
−hξ(hφξ − ηhξφη − ψη) + φη+ (6.22)
hψξ − ηhξψη + hξ(hχjξ − ηhξχjη)− χjη = 0,
hξΛ
2h2ψ + 2hξψηη − 22hξLφ− (6.23)
(1− 2γ2)Λ2h2φ+ 2φηη + 2Lψ + βγˆ2Λ2h2χj = 0,
−hξ(γ−2Δˉφ− 2φηη − 2Lψ) + Δˉψ − 2ψηη + 2Lφ = 0, (6.24)
where β = λf/μ. Thus, to find frequencies at which modes become trapped in the
area of thickness perturbation of the plate we need to find those solutions to the problem
(6.14),(6.22)-(6.24) that satisfy the conditions φ(ξ, η), ψ(ξ, η)→ 0 as ξ → ±∞. Then the
corresponding values of Λ will give us the values of the trapped modes frequencies.
6.3 Asymptotic expansions for the topographically varying guide
Two types of field are considered below: compressional and shear wavefields.
6.3.1 Compressional wavefield
In the case of a dominant compressional wavefield the following asymptotic expansions
will be assumed:
φ(ξ, η) = φ0(ξ, η) + φ1(ξ, η) + 
2φ2(ξ, η) + . . . , (6.25)
ψ(ξ, η) = ψ1(ξ, η) + 
2ψ2(ξ, η) + . . . , (6.26)
χj(ξ, η) = χj0(ξ, η) + χj1(ξ, η) + 
2χj2(ξ, η) + . . . , (6.27)
Λ2 = Λ20 + Λ
2
1 + 
2Λ22 + . . . , (6.28)
where Λ0 are the complex cut-off frequencies for a flat plate immersed in an infinite fluid
(see Appendix 6.8). The procedure of developing the solution is as follows. We sub-
stitute representations (6.25)-(6.28) into the equations of motion and interface conditions
(6.14),(6.22)-(6.24) and group, in the LHS, terms with the same powers of  together, ig-
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noring the terms of order higher than 2. Then, taking into account that the terms in the
power series with respect to  are linearly independent, we equate all these coefficients to
zero. This will give us a hierarchy of differential equations that can be successively solved
giving solutions for the components of the expansions (6.25)-(6.28). Below, we present a
detailed algorithm for obtaining the solution for the compressional case and then we give
the result for the shear case.
Equations of order 1:
Equations of motion are
φ0ηη + γ
2Λ20φ0 = 0, χj0ηη + γˆ
2Λ20χj0 = 0 (6.29)
and the interface conditions are written as
φ0 − βγˆ2χj0 = 0, φ0η − χj0η = 0, at η = ±1. (6.30)
As expected, the solution to this problem coincides with the solution for a flat plate and
falls into symmetric and antisymmetric pieces. The symmetric part is
φs0 = f
s
0 (ξ) cos(γΛ0η),
χs10 = g
s
0(ξ)e
iγˆΛ0(η−1), χs20 = g
s
0(ξ)e
−iγˆΛ0(η+1), (6.31)
gs0(ξ) =
cos(γΛ0)
βγˆ2
f s0 (ξ) =
iγ sin (γΛ0)
γˆ
f s0 (ξ), Λ0 = ωˉ
(L,s)
n .
The antisymmetric part has the form:
φa0 = f
a
0 (ξ) sin(γΛ0η),
χa10 = g
a
0(ξ)e
iγˆΛ0(η−1), χa20 = −ga0(ξ)e−iγˆΛ0(η+1), (6.32)
ga0(ξ) =
sin(γΛ0)
βγˆ2
fa0 (ξ) = −
iγ cos (γΛ0)
γˆ
fa0 (ξ), Λ0 = ωˉ
(L,a)
n ,
see also Appendix A. Here s and a denote symmetric and antisymmetric solutions respec-
tively. Note that Λ0 is now complex compared to the real-valued cut-off frequencies we
6.3 Asymptotic expansions for the topographically varying guide 156
had before.
Equations of order :
Let us consider the symmetric case in detail and omit the superscript s for convenience.
The equations for φ1 and χj1 are:
φ1ηη + γ
2Λ20φ1 = −γ2Λ21φ0, χj1ηη + γˆ2Λ20χj1 = −γˆ2Λ21χj0, (6.33)
with interface conditions
φ1 − βγˆ2χj1 = 0, at η = ±1, (6.34)
φ1η − χj1η = 0, at η = ±1. (6.35)
The general solution to equations (6.33) is:
φ1 = f1(ξ) cos(γΛ0η) + fˆ1(ξ) sin(γΛ0η)− γΛ
2
1f0
2Λ0
η sin(γΛ0η), (6.36)
χ11 =
(
g1(ξ)− γˆΛ
2
1g0
2iΛ0
η
)
eiγˆΛ0(η−1), (6.37)
χ21 =
(
gˆ1(ξ) +
γˆΛ21g0
2iΛ0
η
)
e−iγˆΛ0(η+1). (6.38)
Substitution of these solutions into interface conditions (6.34), (6.35) leads to fˆ1 ≡ 0, gˆ1 ≡
g1, Λ1 = 0, therefore the solutions become
φ1 = f1(ξ) cos(γΛ0η), (6.39)
χ11 = g1(ξ)e
iγΛ0(η−1), χ21 = g1(ξ)e−iγˆΛ0(η+1). (6.40)
The equation of order  for ψ1 is
ψ1ηη + Λ
2
0ψ1 = 0, (6.41)
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with boundary conditions
− ψ1ηη + 2φ0ξη = 0, at η = ±1, (6.42)
which yields the solution
ψ1 =
2f0ξγ
Λ0
sin(γΛ0)
sinΛ0
sin(Λ0η). (6.43)
Equations of order 2:
The equations of motion are written as:
φ2ηη + γ
2Λ20φ2 = −φ0ξξ − γ2Λ22φ0 − γ2αgΛ20φ0, (6.44)
χj2ηη + γˆ
2Λ20χj2 = −χj0ξξ − γˆ2Λ22χj0 − γˆ2αgΛ20χj0. (6.45)
with interface conditions
−Λ20φ2 + βγˆ2Λ20χj2 = 2φ0ξξ − 2ψ1ξη, at η = ±1 (6.46)
φ2η − χj2η = −ψ1ξ, at η = ±1. (6.47)
The general solution for φ2 and χj2 are:
φ2 = f2(ξ) cos(γΛ0η) + fˆ2(ξ) sin(γΛ0η) +
Q1(ξ)
2γΛ0
η sin(γΛ0η), (6.48)
χ12 =
(
g2(ξ) +
Q2(ξ)
2iγˆΛ0
η
)
eiγˆΛ0(η−1), χ22 =
(
gˆ2(ξ)− Q2(ξ)
2iγˆΛ0
η
)
e−iγˆΛ0(η+1),
where
Q1 = −f0ξξ − γ2Λ22f0 − γ2αgΛ20f0, (6.49)
Q2 = −g0ξξ − γˆ2Λ22g0 − γˆ2αgΛ20g0. (6.50)
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Substitution of the general solution to the equations of motion (6.44),(6.45) gives fˆ2 ≡
0, gˆ2 ≡ g2 and results in the following system of equations for f2 and g2:
f2[−Λ20 cos(γΛ0)] + g2[βγˆ2Λ20] = R1(ξ), (6.51)
f2[γΛ0 sin(γΛ0)] + g2[iγˆΛ0] = R2(ξ),
with
R1 =
Λ0
2γ
Q1 sin(γΛ0)− βγˆΛ0
2i
Q2 + 2f0ξξ cos(γΛ0)− 4f0ξξγ sin(γΛ0) cot Λ0, (6.52)
R2 =
Q1
2γΛ0
sin(γΛ0) +
Q1
2
cos(γΛ0)− Q2
2iγˆΛ0
− Q2
2
+
2f0ξξγ
Λ0
sin(γΛ0). (6.53)
The determinant of this system of equation is equal to zero, therefore the system can be
solved if
R1 − iβγˆΛ0R2 = 0, (6.54)
which leads to the ordinary differential equation (ODE)
C(L,s)n f0ξξ − Λ20αgf0 = Λ22f0, (6.55)
where C(L,s)n =
8iZ − 8γ cot Λ0 + iZ(γˆ−2 − γ−2)
Λ0γ(1− Z2) −
1
γ2
,
and Z = cFρf/(cLρ) is a ratio of (compressional) impedances. By taking Z = 0 this
equation can be reduced to the case of thickening/thinning plate in vacuum (see Chapter 2
or [92]). Notably, the coefficient C(L,s)n is now complex, thus, the asymptotic scheme is
leading us towards the complex resonance model [52, 57].
The antisymmetric ODE is:
C(L,a)n f0ξξ − Λ20αgf0 = Λ22f0, (6.56)
where C(L,a)n =
8iZ + 8γ tanΛ0 + iZ(γˆ
−2 − γ−2)
Λ0γ(1− Z2) −
1
γ2
.
Equations (6.55), (6.56) represent eigenvalue problems and determine the behaviour
of the displacement functions in the leading order problem, therefore, to find frequencies
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and displacement profiles corresponding to trapped modes we need to find exponentially
decaying solutions to these ordinary differential equations. We return to this in Section 6.6.
6.3.2 Shear wavefield
To obtain the asymptotic solution in the case of a predominantly shear wavefield the fol-
lowing asymptotic expansions are taken:
φ(ξ, η) = φ1(ξ, η) + 
2φ2(ξ, η) + . . . , (6.57)
ψ(ξ, η) = ψ0(ξ, η) + ψ1(ξ, η) + 
2ψ2(ξ, η) + . . . , (6.58)
χj(ξ, η) = χj1(ξ, η) + 
2χj2(ξ, η) + . . . , (6.59)
Λ2 = Λ20 + Λ
2
1 + 
2Λ22 + . . . , (6.60)
Similar to the compressional case we obtain the following ODEs for the shear wavefield:
symmetric part:
ψ(ξ, η) = f0(ξ) sin(Λ0η) +O(
2), (6.61)
C(T,s)n f0ξξ − Λ20αgf0 = Λ22f0, (6.62)
where C(T,s)n =
8iγ
Λ0[Z + i cot(γΛ0)]
− 1, Λ0 = ωˉ(T,s)n . (6.63)
antisymmetric part:
ψ(ξ, η) = f0(ξ) cos(Λ0η) +O(
2), (6.64)
C(T,a)n f0ξξ − Λ20αgf0 = Λ22f0, (6.65)
where C(T,a)n =
8iγ
Λ0[Z − i tan(γΛ0)] − 1, Λ0 = ωˉ
(T,a)
n . (6.66)
6.4 Statement of the problem (bent guide)
The geometry of a bent guide in the Cartesian coordinate system is shown in Fig. 6.2. The
waveguide represents a plate bent in the vicinity of zero and flattens out at infinity. The
plate has a constant thickness 2h. The natural choice for this geometry is a coordinate
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Figure 6.2: The geometry of the bent waveguide
system (σ, η), where 0 ≤ σ < ∞ is the arc length along the centerline and −1 ≤ η ≤ 1
is the coordinate along the shortest distance between the centerline and a point within the
guide. δ is the angle between the tangent to the centerline and the horizontal axis, therefore,
dδ/dσ is the curvature function describing geometry of the centerline.
Again we are considering complex harmonic motion and will suppress the factor e−iωt.
Let us introduce dimensionless variables:
σˉ =
σ
h
, ηˉ =
η
h
. (6.67)
Fluid and elastic potentials satisfy the wave equations (6.3) which in terms of the variables
(σˉ, ηˉ) are reduced to
4ˉφ+ γ2Λ2φ = 0, 4ˉψ + Λ2ψ = 0, 4ˉχj + γˆ2Λ2χj = 0, (6.68)
here, 4ˉ is the transformed Laplace operator which takes the form:
Δˉ = κ2∂2σˉσˉ + ∂
2
ηˉηˉ + κ
3δσˉσˉηˉ∂σˉ − κδσˉ∂ηˉ, κ = (1− δσˉηˉ)−1, (6.69)
and Λ = ωh
cT
. (6.70)
The displacement components are rewritten in the form:
u = κφσ + ψη, w = φη − κψσ, uf = κχσ, wf = χη, (6.71)
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and the components of the stress tensor and fluid pressure are:
τ11h
2
μ
= γ−2Δˉφ− 2φηˉηˉ + 2κψηˉσˉ + 2κ2δσˉψσˉ, (6.72)
τ12h
2
μ
= 2κφηˉσˉ + 2κ
2δσˉφσˉ − Δˉψ + 2ψηˉηˉ, (6.73)
τ22h
2
μ
= (γ−2 − 2)Δˉφ+ 2φηˉηˉ − 2κψηˉσˉ − 2κ2δσˉψσˉ, (6.74)
ph2 = −λfΔˉχj, (6.75)
Again, continuity of normal stresses and displacements must be satisfied at the solid/fluid
interface and shear stress on the boundaries of the plate must vanish:
(γ−2 − 2)4ˉφ+ 2φηˉηˉ − 2κψσˉηˉ − 2κ2δσˉψσˉ − β4ˉχj = 0, ηˉ = ±1, (6.76)
φηˉ − κψσˉ − χjηˉ = 0, ηˉ = ±1, (6.77)
2κφσˉηˉ + 2κ
2δσˉφσˉ − 4ˉψ + 2ψηˉηˉ = 0, ηˉ = ±1. (6.78)
6.5 Asymptotic expansions for the bent guide
It is assumed that δ is a function of variable ξˉ = σˉ, where  is a small parameter, i.e.
the curvature function is a slowly varying function of the arclength σˉ. We only present
here the case of dominant shear wavefield. The asymptotic scheme for the compressional
wavefield in the case of a bent guide becomes complicated and equations of order  are not
any longer homogeneous therefore the ultimate ODE becomes rather cumbersome and not
convenient for practical purposes. This case requires additional investigation and possible
ways to simplify the original equations of motion and interface conditions must be found
in the case of Z ¿ 1 (“light fluid load”).
6.5.1 Shear wavefield
Substitution of expansions (6.57)-(6.60) into the governing equations and the interface con-
ditions leads to the hierarchy of ordinary differential equations. Let us consider the sym-
metric part of the solution.
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The leading order equation is:
ψ0ηˉηˉ + Λ
2
0ψ0 = 0, with ψ0 = 0 at η = ±1, (6.79)
therefore ψ0 = f0(ξˉ) sin(Λ0ηˉ), Λ0 = ωˉ(T,s)n , where f0(ξˉ) is an unknown function and Λ0 is
the symmetric cut-off frequency of a flat plate immersed in fluid.
The equations of order  for φ and χj are coupled via the interface conditions:
φ1ηˉηˉ + γ
2Λ20φ1 = 0, χ1ηˉηˉ + γˆ
2Λ20χ1 = 0, (6.80)
with
γ−2φ1ηˉηˉ − βχj1ηˉηˉ = 2ψ0ξˉηˉ, at ηˉ = ±1, (6.81)
φ1ηˉ − χj1ηˉ = ψ0ξˉ, at ηˉ = ±1. (6.82)
The symmetric solution for φ1 is φ1(ξˉ, ηˉ) = g1(ξˉ) cos(γΛ0ηˉ) and the solution for the fluid
potential represents an outgoing wave:
χ1,2(ξˉ, ηˉ) = h(ξˉ) exp[iγˆΛ0(|ηˉ| − 1)]. Here functions g1 and h1 are determined via the
interface conditions:
g1(ξˉ) = − 2if0ξˉ(−1)
n
Λ0 sin(γΛ0)[Z + i cot(γΛ0)]
, (6.83)
h1(ξˉ) =
2f0ξˉ(−1)nγ sin(γΛ0)
Λ0γˆ sin(γΛ0)[Z + i cot(γΛ0)]
. (6.84)
The equation and interface conditions for ψ1 are:
ψ1ηˉηˉ + Λ
2
0ψ1 = δξˉψ0ηˉ − Λ21ψ0, (6.85)
ψ1ηˉηˉ + δξˉψ0ηˉ = 0, at ηˉ = ±1. (6.86)
The consistency condition leads to Λ1 = 0 and the solution for ψ1 is:
ψ1(ξˉ, ηˉ) = f1(ξˉ) sin(Λ0ηˉ) +
2δξˉf0
Λ0
cos(Λ0ηˉ) +
δξˉf0
2
ηˉ sin(Λ0ηˉ). (6.87)
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The equation of order 2 for ψ2 has the form:
ψ2ηˉηˉ + Λ0ψ2 = −ψ0ξˉξˉ + δξˉψ1ηˉ + δ2ξˉ ηˉψ0ηˉ − Λ22ψ0, (6.88)
and its solution subjects to the interface conditions:
2ψ2ηˉηˉ + Λ
2
0ψ2 = −2φ1ξˉηˉ − Λ22ψ0, at ηˉ = ±1. (6.89)
These conditions lead to an ordinary differential equation of the second order for f0:
C(T,s)n f0ξˉξˉ +
15
4
δ2ξˉf0 = Λ
2
2f0, (6.90)
where C(T,s)n =
8iγ
Λ0[Z + i cot(γΛ0)]
− 1, Λ0 = ωˉ(T,s)n .
By taking Z = 0 this equation can be reduced to that obtained for a bent plate in vacuum
by Gridin & Craster (see [49]).
The analogous ODE for the antisymmetric part of the solution is:
C(T,a)n f0ξˉξˉ +
15
4
δ2ξˉf0 = Λ
2
2f0, (6.91)
where C(T,a)n =
8iγ
Λ0[Z − i tan(γΛ0)] − 1, Λ0 = ωˉ
(T,a)
n .
6.6 Discussion and numerical results
In the general case the ODEs obtained from the long-wave scheme cannot be solved an-
alytically, therefore, we employ the spectral methods in order to find their solutions. The
general description of the method can be found in, for instance, [108]; the implementation
of these methods in various problems of wave propagation in acoustics and elasticity can be
found in [3]. In our numerical calculations we use MATLAB software suite written byWei-
deman and Reddy (see [113]). The spectral scheme reduces an ODE to a matrix eigenvalue
problem that can be subsequently solved by the MATLAB in-built function eig(A,B).
As an example of the solution we choose a steel waveguide immersed in water, i.e., ρ =
7800kg/m3, cL = 5900m/sec, cT = 3200m/sec, ρf = 1000kg/m
3, cF = 1480m/sec.
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Figure 6.3: The leading order displacement functionW (ξ, η) = −f0(ξ)γΛ0 sin(γΛ0η) for
η = 0.5: a) antisymmetric modes with respect to x = 0, b) symmetric modes with respect
to x = 0; solid line - real part, dash-dot line - imaginary part.
The waveguide has a thickness variation in the vicinity of x = 0 and the boundary shape
is described by the Gaussian function g(x) = e−(x)2 . Also we set α = π and  = 0.2.
By virtue of symmetry we use only a half of the waveguide (x > 0), that is, we have a
rectangular semi-infinite domain and choose the Laguerre grid to interpolate the solution.
The Laguerre interpolation polynomial is designed to extract solutions that decay with x
and since the solutions that we seek have this behaviour it is optimal to use them.
As in the case of a plate in a vacuum the spectral method determines several eigenvalues
with a real part below the real part of the cut-off frequencies for α > 0 and above the real
part of the cut-off frequencies for α < 0. In Fig. 6.3 we show typical plots of the first
four eigenfunctions corresponding to exponentially decaying solutions for the symmetric
part of the solution in the case of dominant compressional wavefield. Numerical values of
trapped modes frequencies are shown on the right and have a complex form due to the loss
of energy to the fluid medium.
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Figure 6.4: The dependence of the quality factor Q on the parameter α (left panel) and
material of the waveguide (right panel).
In Fig. 6.4 we show the dependence of the attenuation (quality) factor
Q =
∣∣∣∣ <e(Λ)2=m(Λ)
∣∣∣∣ (6.92)
on parameter α and density of the waveguide. The quality factor measures the ability of
the waveguide to store the energy, and increases with the mode number n (Hein et al.
[52]). The numerical computations show that increasing the height of the hump leads to
increasing Q. Thus the larger the variation the more easily it stores energy. Because there
is now a complex component of the frequency, the wave constantly loses energy and, thus,
for it to be sustained it must be fed externally, by, say, vibrating machinery.
The following interesting connection exists between the ODEs obtained from the long-
wave theory and the dispersion relation for a flat plate immersed in fluid. Let us rewrite our
ODEs in the general form:
Cf0ξξ − Λ20αgf0 = Λ22f0, (6.93)
where C is complex. It was shown previously (see [49, 92]) that for the case of a bent
thickening plate in vacuum there exists the following connection:
Ω = −C kˉ
2
2ωˉ0
, (6.94)
6.6 Discussion and numerical results 166
-50 -40 -30 -20 -10 0 10 20 30 40 50
-3
-2
-1
0
1
2
3
x
U
4.712609 - 0.00006i
4.720987- 0.00009i
Λ =
Figure 6.5: The leading order displacement function U(ξ, η) = −f0(ξ)Λ0 sin(Λ0η) for
η = 0.5; solid line - real part, dash-dot line - imaginary part; ωˉ0 = 4.712389, n = 2.
here Ω = ωˉ − ωˉ0 - the difference between the dimensionless frequency and dimensionless
cut-off frequency and kˉ ¿ 1 - dimensionless wavenumber. The same relation holds for
a plate immersed in fluid and is obtained by the Taylor expansion of the exact dispersion
relation (see Appendix 6.8) for a small wavenumber. In other words, equation (6.93) with
α = 0 and f0 = Aeikx provides the dispersion relation for a flat plate in fluid in the vicinity
of cut-off frequencies. This can serve as a useful tool for obtaining the dispersion relation
in the long-wave regime and also verifies the asymptotic result. It is also a useful way of
starting root-finding algorithms that track dispersion curves.
In numerical calculations for a bent plate we take the angle function
δ(σˉ) =
δ0
2
tanh(σˉ), (6.95)
where δ0 is the full angle at which the tangent to the centerline of the plate rotates as σˉ
changes from −∞ to +∞. The curvature function is, therefore, defined as:
δσˉ =
δ0
2
1
cosh2(σˉ)
. (6.96)
The typical values of trapped modes frequencies and corresponding displacement profiles
are shown in Fig.6.5 for δ0 = π/2,  = 0.25 and physical parameters the same as above.
Equations (6.90), (6.91) can be solved analytically in a particular case of constant cur-
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Table 6.1: A comparison of the eigenvalues generated by equation (6.98) (ωˉ) and frequen-
cies obtained from the exact dispersion relation for a circular annulus immersed in infinite
fluid (ωˉexact);  = 0.25, h = 1, n = 1. Since the error of asymptotic approximation is of
order O(3) the imaginary part has the accuracy to two decimal places.
ν ωˉ ωˉexact
0.1 3.14416 - 0.00022i 3.14780 - 0.00002i
0.3 3.15274 - 0.00199i 3.14945 - 0.00021i
0.5 3.16984 - 0.00549i 3.15317 - 0.00067i
0.8 3.21115 - 0.01387i 3.16538 - 0.00146i
vature, that is, when the bent plate reduces to a circular annulus. By taking ξˉ = θ, δξ = 1
and a modal form for f0:
f0(θ) = Ae
iνθ, (6.97)
where ν is the wavenumber, we obtain the following connection between the wavenumber
and the frequency for the symmetric modes:
ωˉ =
√
ωˉ
(T,...)
n − C(T,...)n ν22 + 15
4
2. (6.98)
This is found from the asymptotic scheme, valid for the long-wave regime (ν ¿ 1) and so
this equation can be used as an approximation to the exact dispersion relation for a circular
annulus immersed in infinite fluid (see Table 6.1).
6.7 Concluding remarks
The interest in this project was whether the trapped modes found in the absence of fluid
-loading could be sustained when fluid was then introduced. The answer to this is that they
cannot, in each case they pick up complex components that cause the gradual leakage of
energy into the fluid. If one could “feed” the trapped mode then this would balance the
leakage and energy could remain localised.
The progress made here is to show how the long-wave theory is modified with the
presence of external fluid. It becomes considerably more complicated, and the physics
is now much less clear, nonetheless the asymptotic method gives good estimates for the
long-wave pieces of the dispersion relations. These should be useful in avoiding lengthly
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Figure 6.6: Flat plate immersed in fluid.
root-finding algorithms for these dispersion curves.
6.8 Appendix A: Exact dispersion relation and cut-off frequencies for
a flat plate immersed in fluid
The problem of wave propagation in a straight elastic plate immersed in inviscid fluid is
sketched in Fig. 6.6; the plate is infinite in x direction.
We consider time-harmonic motion and assume that waves propagate in x direction
with wavenumber k and frequency ω. Therefore, displacements, stress tensor components
and potentials have the following form: f(x, z) = F (z) exp[i(kx− ωt)], where f - any of
the mentioned functions. The displacement potentials φ, ψ in the plate and the potential in
fluid χ satisfy the wave equation:
Δφ =
1
c2L
∂2φ
∂t2
, Δψ =
1
c2T
∂2ψ
∂t2
, Δχˆ =
1
c2F
∂2χˆ
∂t2
, (6.99)
that reduce to
d2Φ
dz2
+ p2Φ = 0,
d2Ψ
dz2
+ q2Ψ = 0,
d2χ
dz2
+ r2χ = 0 (6.100)
where p2 = ω2/c2L− k2, q2 = ω2/c2T − k2, r2 = ω2/c2f − k2. At the solid/fluid interface the
conditions of continuity of normal stresses and displacements must be satisfied. In terms
Chapter 6. Trapped modes in non-uniform waveguides immersed in fluid 169
of the scalar potentials Φ and Ψ these conditions are written as follows:
2
d2Φ
dz2
+ (2− γ−2)ω
2
c2L
Φ + 2ik
dΨ
dz
+
ρfω
2
μ
χ = 0, at z = ±h,
dΦ
dz
+ ikΨ− dχ
dz
= 0, at z = ±h. (6.101)
Since inviscid fluid does not support shear stresses, the stress component τxz must vanish
at the interface:
2ik
dΦ
dz
− d
2Ψ
dz2
− k2Ψ = 0, at z = ±h. (6.102)
The solutions in the plate take the form:
Φ(z) = A1 sin(pz) + A2 cos(pz), Ψ(z) = B1 sin(qz) + B2 cos(qz), (6.103)
the solution in fluid must satisfy the radiation condition:
dχ
dz
− irχ = 0, |r| → ∞ (6.104)
and has the form
χ1(z) = C1e
ir(z−h), χ2(z) = C2e−ir(z+h). (6.105)
Substitution of these solutions into the interface conditions gives a system of algebraic
equations for the amplitudes A1, A2, B1, B2, C1, C2 that can be solved if its determinant
is equal to zero. This condition can be split into two equations that represent symmetric
and antisymmetric dispersion relations. The symmetric equation is:∣∣∣∣∣∣∣∣∣∣
−pˉ sin pˉ ikˉ sin qˉ −irˉ
(2kˉ2 − ωˉ2) cos pˉ 2ikˉqˉ cos qˉ ρf
ρ
ωˉ2
−2ikˉpˉ sin pˉ (qˉ2 − kˉ2) sin qˉ 0
∣∣∣∣∣∣∣∣∣∣
= 0,
here pˉ = ph, qˉ = qh, rˉ = rh; kˉ = kh is dimensionless wavenumber and ωˉ = ωh/cT -
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dimensionless frequency. This equation can be rewritten as
(ωˉ2 − 2kˉ2)2 cot
√
γ2ωˉ2 − kˉ2 + 4kˉ2
√
ωˉ2 − kˉ2
√
γ2ωˉ2 − kˉ2 cot
√
ωˉ2 − kˉ2
− iZ γˆ
γ
ωˉ4
√
γ2ωˉ2 − kˉ2√
γˆ2ωˉ2 − kˉ2
= 0. (6.106)
The first two terms in this equation correspond to the case of a flat plate in vacuum (the
well-known Rayleigh-Lamb equation) and the last term shows the presence of fluid with
a fluid loading parameter Z = cfρf/(cLρ). The corresponding equations for (complex)
cut-off frequencies are:
cot
(
γωˉ(L,s)n
)
= iZ, sin
(
ωˉ(T,s)n
)
= 0. (6.107)
Now, using complex decomposition ωˉ(L,s)n = Ω1 + iΩ2 in the first equation of (6.107) we
obtain the following solutions:
ωˉ(T,s)n = πn, ωˉ
(L,s)
n =
π(2n− 1)
2γ
+
i
γ
tanh−1(−Z), for Z < 1, (6.108)
ωˉ(T,s)n = πn, ωˉ
(L,s)
n =
πn
γ
+
i
γ
tanh−1
(
− 1
Z
)
, for Z > 1, (6.109)
Analogous formulae for acoustic complex resonance frequencies was given in Hein et
al. [52] (formula 3.3) and for complex thickness stretch resonances in Kaplunov et al.
[57] (formulae 27, 28). The dispersion relation and equations for cut-off frequencies for
antisymmetric modes are:
(ωˉ2 − 2kˉ2)2 tan
√
γ2ωˉ2 − kˉ2 + 4kˉ2
√
ωˉ2 − kˉ2
√
γ2ωˉ2 − kˉ2 tan
√
ωˉ2 − kˉ2
+ iZ
γˆ
γ
ωˉ4
√
γ2ωˉ2 − kˉ2√
γˆ2ωˉ2 − kˉ2
= 0, (6.110)
tan
(
γωˉ(L,a)n
)
= −iZ, cos (ωˉ(T,a)n ) = 0. (6.111)
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with the solution for cut-off frequencies:
ωˉ(T,a)n =
π(2n− 1)
2
, ωˉ(L,a)n =
πn
γ
+
i
γ
tanh−1(−Z), for Z < 1, (6.112)
ωˉ(T,a)n =
π(2n− 1)
2
, ωˉ(L,a)n =
π(2n− 1)
γ
+
i
γ
tanh−1
(
− 1
Z
)
, (6.113)
for Z > 1,
6.9 Appendix B: Asymptotic scheme in the case of acoustic/acoustic
interface
As a simple example of an asymptotic scheme for layered media, we will consider an
acoustic topographically varying plate surrounded by infinite acoustic media with different
parameters. The geometry of the problem is the same as described in the previous chapters
and shown in Fig. 6.1. The motion is time-harmonic, that is, u(j) ∼ exp(−iωt), where
u(j) are the displacement components in the direction perpendicular to the plane of the
guide. ρj denote the material densities, cj are the wavespeeds and the indices j = 1, 2
correspond to the plate and the surrounding media respectively. The waves are governed
by the equations that in the (ξ, η) coordinate system have the form:
Δˉu(1) + k2h2u(1) = 0, Δˉu(2) + k2γ2h2u(2) = 0, (6.114)
Δˉ = 2h2∂ξξ + ∂ηη + 2
2ηhξh∂ξη+
2η2h2ξ∂ηη + 
2η(2h2ξ − hξξh)∂η, (6.115)
where k = ω/c1, γ = c1/c2. At the acoustic/acoustic interface, η = ±1, continuity of
normal displacements and stresses must be satisfied:
u(1) = u(2), (6.116)
−hξτ (1)31 + τ (1)33 = −hξτ (2)31 + τ (2)33 . (6.117)
In terms of displacements the latter equation takes the form
− 2hξhu(1)ξ + 2h2ξηu(1)η + u(1)η −
Z(a)
γ
(−2hξhu(2)ξ + 2h2ξηu(2)η + u(2)η ) = 0, (6.118)
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where Z(a) = c2ρ2/(c1ρ1) is a ratio of the characteristic impedances.
The asymptotic expansions:
u(j) = u
(j)
0 + u
(j)
1 + 
2u
(j)
2 , j = 1, 2, (6.119)
k2 = λ20 + λ
2
1 + 
2λ22. (6.120)
lead to the following asymptotic scheme, where we will consider the symmetric part of the
solution in detail.
The equations of order 1 are
u
(1)
0ηη + λ
2
0u
(1)
0 = 0, u
(2)
0ηη + λ
2
0γ
2u
(2)
0 = 0, (6.121)
with the interface conditions u(1)0 − u(2)0 = 0 and u(1)0η − Z(a)γ u(2)0η = 0 at η = ±1. This
problem has the symmetric solution:
u
(1)
0 = f0(ξ) cos(λ0η), u
(2)
0 = f0(ξ) cos(λ0) exp[iγλ0(|η| − 1)], (6.122)
where u(2)0 represents an outgoing wave and
λ0 = πn− i tanh−1(Z(a)) if Z(a) < 1, (6.123)
λ0 =
π(2n− 1)
2
− i tanh−1
(
1
Z(a)
)
if Z(a) > 1. (6.124)
The equations of order 
u
(1)
1ηη + λ
2
0u
(1)
1 = −λ21u(1)0 , (6.125)
u
(2)
1ηη + λ
2
0γ
2u
(2)
1 = −λ21γ2u(2)0 , (6.126)
with the interface conditions u(1)1 − u(2)1 = 0 and u(1)1η − Z(a)γ u(2)1η = 0 at η = ±1, lead to
λ1 = 0 and the solution
u
(1)
1 = f1(ξ) cos(λ0η), u
(2)
1 = f1(ξ) cos(λ0) exp[iγλ0(|η| − 1)]. (6.127)
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The equations of order 2 are
u
(1)
2ηη + λ
2
0u
(1)
2 = −u(1)0ξξ − λ22u(1)0 − αgλ20u(1)0 , (6.128)
u
(2)
2ηη + λ
2
0γ
2u
(2)
2 = −u(2)0ξξ − λ22u(2)0 − αgλ20γ2u(2)0 , (6.129)
with u(1)2 − u(2)2 = 0 and u(1)2η − Z(a)γ u(2)2η = 0 at η = ±1. This problem results in the
following ODE: (
iZ(a)(γ2 − 1)
λ0γ2(1− Z(a)2) − 1
)
f0ξξ − αgλ20f0 = λ22f0. (6.130)
The antisymmetric part of the solution leads to an equation of the same form with
λ0 =
π(2n− 1)
2
− i tanh−1(Z(a)) if Z(a) < 1, (6.131)
λ0 = πn− i tanh−1
(
1
Z(a)
)
if Z(a) > 1. (6.132)
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Chapter 7
Conclusions and future work
7.1 Conclusions
In this thesis the phenomenon of localization of waves in non-uniform elastic guides has
been studied in detail taking into account different aspects that can influence trapping –
from various conditions at the lateral boundaries to the presence of external fluid. The
introduction in Chapter 1 gave a brief outline of existing literature on wave trapping and
showed that trapped waves are a commonly occurred feature in many areas of wave prop-
agation. Three papers based on Chapters 2–4 were published in Wave Motion and the
IMA Journal of Applied Mathematics and a fourth paper devoted to trapping in elastic
non-uniform waveguides immersed in infinite fluid is in preparation.
Two types of waveguides made of linear elastic, homogeneous, isotropic material have
been considered - a bent guide and a guide with thickness variation. The first waveguide is
described by a curvature function δξ that is a smooth function of the arclength of the center-
line σ and vanishes as σ → ±∞. The second waveguide has smooth variation in thickness
in the vicinity of origin. This variation can be described by any smooth function that tends
to zero as the longitudinal coordinate x → ±∞. Chapter 2 was devoted to the latter type
and traction-free and rigid clamped boundary conditions were considered. The aim was to
derive an asymptotical model for obtaining values of frequencies at which waves become
localised in the area or thickness perturbation without any leakage of energy. For this pur-
pose an asymptotic scheme based on the long-wave theory was developed. The general
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procedure was as follows: the unknown potentials (alternatively displacements) and a non-
dimensional frequency were represented as an asymptotic series with respect to a small
parameter . The series were truncated and included only the terms up to 2. The leading
order expansion term was dictated by a chosen geometry and represented the solution in a
flat plate ( = 0). These asymptotic expansions were substituted into the governing equa-
tions and boundary conditions and the terms in front of 0, 1, 2 were equated to zero.
This procedure leads to a hierarchy of ordinary differential equations that can be easily
solved analytically. A simple and easy to solve asymptotic model that encapsulates all the
neccesary information about the waveguide, that is its geometry and physical properties,
was obtained. This model represents a second order differential equation of the form
Cf0ξξ +Dδ
2
ξf0 = Λ
2
0f0 (7.1)
for a bent plate and
Cf0ξξ +Dαgf0 = Λ
2
0f0 (7.2)
for a plate with thickness variation. Here the coefficients C and D depend on the wave
velocities, density of the wavegide and the mode number. This considerably simpler, com-
pared to the original governing equations, form of an eigenvalue problem can be solved
numerically in the general case and allows us to choose any smooth function describing
the geometry of a waveguide. The trapped mode frequencies are the eigenvalues of this
problem corresponding to exponentially decaying solutions. Trapping is closely connected
to the group velocity; a detailed discussion and physical mechanism for the existence of
trapped modes in this context were presented. It was established that whether a mode
can become trapped depends on the mode number, Poisson’s ratio and geometrical param-
eters of the waveguides. In the case of a guide with a “hump” positive group velocity
modes can become trapped; in waveguides with a depression modes with negative group
velocity can localize their energy in the area of thickness perturbation. Moreover, it was
shown that for a particular choice of the boundary function (or alternatively, the curvature
function) the two equations above can be reduced to one equation allowing us to obtain
trapped mode frequencies at which trapping takes place in both types of the waveguides.
The long-wave model was verified employing spectral methods. The original governing
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equations and the asymptotic model were solved numerically and the high accuracy of the
asymptotic scheme was shown. Numerical calculations were presented for a steel plate
with traction-free boundary conditions. Other types of geometry such as waveguides with
two “humps”/depressions and two bends were considered. It was demonstrated that trap-
ping can occur within “humps”/bends as well as inbetween them and this complies with
the developed theory.
Chapter 3 demonstrates the importance of boundary conditions for the existence of
trapping. Three types of non-uniform waveguides were considered - an acoustic/quantum
waveguide, an elastic plate and a waveguide model of the ocean coast shelf. In each case
one of the waveugide boundaries was chosen traction-free and the other - rigid-clamped.
An asymptotic scheme were presented for each waveguide and it was shown that in order
to perform a long-wave analysis for a scalar Helmholtz equation with mixed boundary
conditions it is neccesary to introduce a re-scaled curvature function δˆξ = δξ. It was
also demonstrated that trapping in an acoustic bent plate is only possible when the plate is
bent towards the Dirichlet boundary which is in line with the previous theoretical works on
quantum waveguides (Krejcˇirˇı´k & Krˇı´zˇ [64]). Although it is important at which boundary
we impose Dirichlet or Neumann conditions in a bent plate, it does not matter for a plate
with a thickness variation due to the symmetry. Also trapping of elastic waves does not
depend on which boundary traction-free or rigid-clamped.
Chapter 4 extends the investigation of trapping to a 3D model of two welded plates.
The weld, which can be thinner or thicker than the plates, supports propagating waves;
these waves propagate for a long distance along the weld and do not loose energy in the
surrounding material. It was shown that there is a set of frequencies at which these waves
are strongly localised within the weld without any leakage of energy to the plates. The
long-wave theory allows calculation of these frequencies and the asymptotic scheme was
presented for this 3D case in detail. It was also shown that conditions for the existence of
trapped modes depend on the wavenumber and wether the weld thicker or thinner than the
plate. Numerical calculations have been carried out for the original 3D elastic governing
equations and the long-wave model. Spectral methods for the governing equations results
in rather expensive calculations and, therefore, a more effective Newton-Kantorovich itera-
tions method was employed. Again, comparison of the results showed very good accuracy
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of the numerical scheme. Calculations of trapped mode frequencies were also presented
for an acoustic 3D plate and some numerical examples were given.
In Chapter 5 our attention moved to numerical methods for wave propagation in non-
uniform waveguides. The most effective method of perfectly matched absorbing layers
(PML) for imitation of infinity was used. The problems of wave propagation in an acoustic
bent plate and a plate with thickness variation were solved in a frequency domain. PML
was used at both ends of the waveguides to avoid unwanted reflection from the artificially
introduced boundary. A good agreement with the results obtained earlier in Chapter 2 and
3 has been shown, that is, the numerical calculations showed strong localisation in the
area of curvature or thickness variation at precise frequencies obtained from long-wave
theory. The dependence of trapped modes on boundary conditions was also shown. Fur-
ther on, the PML technique was applied in the algorithm for plotting dispersion curves of
a layered structure, which was illustrated by a commonly occurring geometry of circular
annulus immersed in fluid. PMLs were introduced in the spectral scheme. First, a tech-
nique of constructing dispersion curves for an elastic annulus filled with acoustic fluid and
surrounded by vacuum was considered, advantages and disadvantages of the method were
discussed, a numerical trick of avoiding the singularity at the origin was presented. Pairs
(wavenumber, frequency) were obtained in a real plane. Then, an elastic annulus that
has acoustic fluid inside and outside was considered. The code was modified so that it was
able to seek complex wavenumber for real values of frequency. A thin PML was used in
the outside fluid region to mimic infinity, construction of a spectral scheme was presented
in detail and an example of the MATLAB code in potential representation was given in an
appendix. At the end, a numerical example of the solution was given for a steel annulus
that filled with water and surrounded by vacuum or salt water.
In Chapter 6 investigates how the presence of an outside ideal fluid influences trapping.
Waveguides with a curvature and thickness variation were considered now immersed in
infinite fluid. Traction-free or rigid-clamped boundaries were replaced with conditions at
the fluid-solid interface and the Sommerfeld radiation condition in an infinite fluid region
was satisfied. The problem was solved in the context of complex frequency and it was
shown that, due to the loss of energy into the fluid media, trapping must be maintained by
some external excitation. Otherwise, it would gradually attenuate in time. This problem is
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also amenable to a long-wave analysis; an asymptotic scheme for a topographically varying
waveguide was considered in detail for the compressional field and the ultimate result was
given for the shear wavefields. The asymptotic scheme for a bent waveguide turned out to
be rather cumbersome and additional simplifications based on the “light” or “heavy” fluid
loading are still required in order to obtain a simple asymptotic model. Numerical results
– displacement profiles and trapped modes frequencies – were presented for a steel plate
immersed in water. An attenuation (or quality) factor, that is, the ability of a waveguide
to store the energy, was calculated for different types of materials and different geometri-
cal parameters. In order to verify the asymptotic solutions, coefficients of the asymptotic
models were compared against the dispersion relations of a flat elastic plate and a circular
annulus immersed in infinite fluid.
7.2 Future work
Although trapping in the mentioned two types of waveguides has been investigated in de-
tail, there are several problems that might be of interest. In terms of geometry variation
an elastic plate can be constructed of two or more layers that might have, for example,
different density and be surrounded by vacuum or fluid. Or, alternatively, two non-uniform
plates with fluid inbetween and traction-free or rigid-clamped boundary conditions outside,
can be considered.
Employing the PML technique opens up opportunities to carry out numerical simula-
tions for the propagation and trapping of waves in non-uniform elastic waveguides. Pre-
sented in Chapter 5 the PMLmethod for the frequency domain can also be extended to elas-
tic waveguides, three-dimensional geometry and waveguides immersed in infinite fluid. For
more general time-dependence this technique can be applied in the time domain and can be
used to detect trapping and investigate quasi-modes (see Gridin & Craster [48, 47]). Origi-
nal papers by Berenger and most of the later literature on PML is devoted to implementing
PML in time domain using the so-called splitting method (see, inter alia [21, 51, 116, 63]),
where some of the unknown functions in the original equations are split into two compo-
nents.
The MATLAB code calculating dispersion curves in an elastic annulus immersed in
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infinite fluid requires a few improvements so it can be used by a user on an industrial
level. The technique of filtering spurious eigenvalues must be improved so the criterion
of filtering does not have to be adjusted depending on the input parameters. On the other
hand rewriting the code in terms of displacements might eliminate spurious eigenvalues
and the need of filtering. Also an asymptotic theory for the compressional wavefield in a
bent elastic plate immersed in infinite fluid remains an open question. It might be possible
to simplify the original governing equations in order to obtain a simpler asymptotic model
that is easier to interpret and to solve.
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